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Abstract

k -out-of- n and related systems ha v e receiv ed m uc h atten tion in the recen t past

y ears. Hundreds of articles w ere dev oted to v arious metho ds to assess them. In this

article, w e sho w that there exist v ery e�cien t algorithms to compute the reliabilit y of

k -out-of- n , l -to- h -out-of- n and consecutiv e k -out-of- n systems. k -within- r -out-of- n

systems are in trinsically m uc h harder. W e study the p erformance of Binary Decision

Diagrams on these systems. Then, w e prop ose a new appro ximation sc heme. This

algorithm is m uc h more e�cien t in practice than already prop osed metho ds.

k eyw ords: k -out-of- n and related systems, Binary Decision Diagrams

1 In tro duction

A k -within- r -out-of- n system consists of n comp onen ts linearly arranged. The system is

failed if there is at least a windo w of r consecutiv e comp onen ts with among them at least

k failed comp onen ts. k -within- r -out-of- n systems w ere in tro duced b y T ong [T on85] and

Gri�th [Gri86 ]. They generalize b oth k -out-of- n systems ( r = n ) and consecutiv e k -out-

of- n systems ( r = k ). y ears. Hundreds of articles w ere dev oted to v arious metho ds to

assess them. The surv ey b y Chao et al. [CFK95] and the b o ok b y Misra [Mis93] pro vide

comprehensiv e surv eys on this topic. The recen t article b y Habib and Sz� an tai [HS00]

deserv es also a sp ecial men tion for it compares exp erimen tally sev eral metho ds.

In this article, w e sho w that there exist O ( k :n ) algorithms to compute the exact v alue

of k -out-of- n and consecutiv e k -out-of- n system reliabilities (as a b y-pro duct w e study also

l -to- h -out-of- n -systems). The algorithm w e prop ose for k -out-of- n systems lo oks lik e the

metho d prop osed b y Rushdi in [Rus86, Rus91]. Those dealing with l -to- h -out-of- n and

consecutiv e k -out-of- n systems are new, at least to a certain exten t (since they are just

v ariations on the former). Their conciseness is noticeable: they consist of ab out 10 lines

of ANSI C co de.
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Basically , these algorithms consist in sliding a windo w of size k through the comp onen ts

and to consider the n um b er of failed comp onen ts inside the windo w. k -within- r -out-of- n

systems are in trinsically m uc h harder. In this general case, coun ting argumen ts do no

su�ce. One has to consider individually eac h comp onen t of the windo w, whic h leads to a

com binatorial explosion. The v arious metho ds prop osed in the literature to handle these

systems are therefore designed to compute lo w er and upp er b ounds on reliabilit y rather

than its exact v alue (see [CFK95, HS00 ] for a review of recen t dev elopmen ts). Moreo v er,

most of them assume that all comp onen ts ha v e the same reliabilit y .

In this article, w e prop ose t w o approac h to tac kle k -within- r -out-of- n systems.

First, w e study the p erformance of Bry an t's Binary Decision Diagrams (BDDs) [Bry86,

BRB90]. BDDs are the state-of-the-art data structure to enco de and to manipulate Bo olean

functions. Since their in tro duction in the reliabilit y analysis framew ork [Rau93 , CM94 ],

BDDs ha v e pro v ed to b e the most e�cien t tec hnique to assess fault trees. W e rep ort

t w ofold exp erimen tal results. On the one hand, w e sho w that BDDs are able to deal with

rather large systems (with sev eral dozens of comp onen ts). By the w a y , w e correct a claim

b y Habib and Sz� an tai who wrote in [HS00] that only sim ulation is able to assess (almost)

exact results for suc h systems. On the other hand, w e exhibit a form ula that giv es the

size of the BDD enco ding a k -within- r -out- n system, for n � 2 r . This form ula mak es clear

that BDDs are sub ject to com binatorial explosion.

Second, w e prop ose a new appro ximation sc heme. Con v ersely to BDDs but according

to most of prop osed metho ds, this algorithm assumes that all comp onen ts ha v e the same

reliabilit y . Our algorithm computes a lo w er b ound on system unreliabilit y in O (2

h

:k :n ),

where 0 � h � r is a parameter that �xes the accuracy of the lo w er b ound. By comparing

v alues obtained for h and h � 1, it is p ossible to deduce an upp er b ound. W e rep ort

exp erimen tal results that sho w that our algorithm outp erforms the b est metho ds already

prop osed. It giv es m uc h more accurate results, ev en for small h 's. Moreo v er, it is m uc h

more e�cien t in terms of computational cost. It is actually able to giv e accurate results

for systems far b ey ond the limits of an y other kno wn metho d.

The remaining of this article is organized as follo ws. k -out-of- n and consecutiv e k -out-

of- n systems are studied section 3. Results with Binary Decision Diagrams are presen ted

section 4. The new appro ximation sc heme is describ ed section 5. Finally , exp erimen tal

results of this algorithm are presen ted section 6.

2 Nomenclature

In what follo ws, w e consider n comp onen ts c

1

, c

2

, : : : , c

n

linearly arranged and that

can b e in one of t w o states, either go o d or failed (not go o d). W e assume that comp onen t

reliabilities ma y v ary and that comp onen t failures are s -indep enden t. Moreo v er, w e assume

that comp onen t reliabilities P

i

(probabilit y of surviv al) and unreliabilities Q

i

(probabilit y

of failure) are a v ailable at no cost ( P

i

+ Q

i

= 1).

A k -within- r -out-of- n system o v er comp onen ts c

1

up to c

n

( k � r � n ) is failed i� there

are r consecutiv e comp onen ts whic h include among them, at least k failed comp onen ts.
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k -out-of- n and consecutiv e k -out-of- n systems corresp ond resp ectiv ely to the cases r = n

and r = k . A l -to- h -out-of- n system o v er comp onen ts c

1

up to c

n

is failed i� there are at

least l and at most h failed comp onen ts among the n .

Throughout the article, w e k eep the same meaning for k , r and n . Ev en ts are de-

noted b y caligraphic capital letters, e.g. E . Since all algorithms presen ted here iterate

o v er comp onen ts, ev en ts are indiced with p ositions e.g. E

i

(1 � i � n ). E denotes the

complemen tary of the ev en t E in the considered set of outcomes. The probabilit y p ( E ) of

an ev en t E is denoted b y the same capital letter as the ev en t, here E .

W e use the follo wing notations.

{ Q

i

(1 � i � n ) denotes the ev en t \the comp onen t c

i

is failed".

{ L

l =r

i

(0 � l � k , r � i � n ) denotes the ev en t \there are at least l failed comp onen ts

among c

i � r +1

, c

i � r +2

, : : : , c

i

". r is omitted when it is clear from the con text, e.g. L

l

i

.

{ H

h=r

i

(0 � h � k ; r � i � n ) denotes the ev en t \at most h among comp onen ts c

i � r +1

,

: : : , c

i

are failed". r is omitted when it is clear from the con text, e.g. H

h

i

.

{ F

k =r

i

( r � i � n ) denotes the ev en t \there is at least a windo w of r consecutiv e com-

p onen ts in c

1

, : : : , c

i

among whic h at least k are failed". In other w ords, F

k =r

i

=

S

r � l � i

L

k =r

l

. k and r are omitted when they are clear from the con text, e.g. F

i

.

{ � [ c=v ] denotes the Bo olean form ula � in whic h the constan t c 2 f 0 ; 1 g has b een substi-

tuted for the v ariable v .

Moreo v er, w e use the follo wing deriv ed notations.

{ K

l

i

def

= L

l =i

i

, i.e. at least l among comp onen ts c

1

, : : : , c

i

are failed.

{ T

l ;h

i

def

= L

l =i

i

\ H

h=i

i

i.e. at least l and at most h among comp onen ts c

1

, : : : , c

i

are failed.

{ C

l

i

def

= L

l =l

i

[ F

k =k

i � 1

, i.e. either comp onen ts c

i � l +1

, : : : , c

i

are failed or there is at least a

windo w of r consecutiv e comp onen ts in c

1

, : : : , c

i � 1

among whic h at least k are failed.

{ S

l

i

def

= L

l =r

i

\ H

l =r

i

\

T

i � 1

j = r

H

k � 1 =r

j

i.e. there are exactly l failed comp onen ts among c

i � r +1

,

: : : , c

i

and no windo w of r consecutiv e comp onen ts c

j � r +1

, : : : , c

j

, j < i , con tains more

than k � 1 failed comp onen ts.
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3 Easy k -out-of- n and related systems

3.1 Algorithms

K

k

n

, T

l ;h

n

and C

k

n

denote resp ectiv ely unreliabilities of k -out-of- n , l -to- h -out-of- n and con-

secutiv e k -out-of- n systems. The follo wing equalities hold.

K

j

i

=

8

<

:

0 if j > i

1 if j � 0

Q

i

:K

j � 1

i � 1

+ P

i

:K

j

i � 1

otherwise

(1)

T

l ;h

i

=

8

<

:

0 if ( l > i ) _ ( h < 0)

1 if ( l � 0) ^ ( h � i )

Q

i

:T

l � 1 ;h � 1

i � 1

+ P

i

:T

l ;h

i � 1

otherwise

(2)

C

j

i

=

8

<

:

0 if j > i

1 if j � 0

Q

i

:C

j � 1

i � 1

+ P

i

:C

k

i � 1

otherwise

(3)

Equations 1, 2 and 3 can b e seen as recursiv e de�nitions of k -out-of- n , l -to- h -out-of- n and

consecutiv e k -out-of- n systems. They giv e also a mean to compute K

j

i

, T

l � ( h � j ) ;h � ( h � j )

i

and

C

j

i

(0 � j � k or h ) b y strates: �rst for i = 1, then for i = 2, and so on up to i = n .

The corresp onding ANSI C functions are giv en �gures 1, 2 and 3. Since they consists of

t w o nested lo ops o v er n and k (or h ) they are resp ectiv ely in O ( k :n ), O ( h:n ) and O ( k :n ).

Arra ys K , T and C are passed as parameters of these functions. They could b e allo cated

and freed inside the functions as w ell.

The algorithm to assess k -out-of- n systems has strong similarities with the one prop osed

b y Rushdi in [Rus86, Rus91]. The t w o other ones are new, ev en if the underlying recursiv e

equations app eared under other forms in some articles (see for instance [CFK95, Mis93]

for reviews).

It is p ossible to impro v e a bit the algorithms b y restricting the inner lo op in follo wing

w a y: one set the starting v alue for j at i (un til i < k ) and its �nal v alue at k � i (when

i � n � k ).

3.2 Exp erimen tal Results

F or v eri�cation purp oses, table 1 presen ts reliabilities of some l -to- h -out-of- n systems with

iden tical comp onen ts. These results correct sligh tly those rep orted in [JG85]. They w ere

obtained instan taneously .

T ables 2 and 3 giv e some running times obtained on a laptop computer with a p en tium

I pro cessor cadenced at 166 MHz and running Lin ux. The computation of v ery large

system reliabilities (with sev eral thousands comp onen ts) tak es only few seconds. In order

to appreciate these running times, one could compare them with those of the RAFT-GFP

algorithm presen ted Fig. 2. of reference [I I95 ], that are ab out 20 times greater. Indeed,
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double k_out_of_n(int k, int n, double* Q, double* K)

{

double Pi, Qi;

int i, j;

for (j=k;j>=0;j--) K[j]=(j==0 ? 1.0 : 0.0);

for (i=1;i<=n;i++) {

Qi=Q[i]; Pi=1-Qi;

for (j=k;j>0;j--) K[j]=Qi*K[j-1]+Pi*K[j];

}

return(K[k]);

}

Figure 1: The ANSI C function to assess k -out-of- n systems

double l_h_out_of_n(int l, int h, int n, double* Q, double* T)

{

double Pi, Qi;

int i, j;

for (j=h;j>=0;j++) T[j]=(j<=h-l ? 1.0 : 0.0);

for (i=1;i<=n;i++) {

Qi=Q[i]; Pi=1-Qi;

for (j=h;j>0;j++) T[j]=Qi*T[j-1]+Pi*T[j];

T[0]=Pi*T[0];

}

return(T[h]);

}

Figure 2: The ANSI C function to assess l -to- h -out-of- n systems

double consecutive_k_out_of_n(in t k, int n, double* Q, double* C)

{

double Pi, Qi, Ck;

int i, j;

for (j=k;j>=0;j--) C[j]=(j==0 ? 1.0 : 0.0);

for (i=1;i<=n;i++) {

Qi=Q[i]; Pi=1-Qi; Ck=C[k];

for (j=k;j>0;j--) C[j]=Qi*C[j-1]+Pi*Ck;

}

return(C[k]);

}

Figure 3: The ANSI C function to assess consecutiv e k -out-of- n systems
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T able 1: Reliabilit y of some l -to- h -out-of- n systems

System p=0.5 p=0.6 p=0.7 p=0.8 p=0. 9

l = 5 ; h = 8 ; n = 10 0.612305 0.787404 0.803343 0.617821 0.263754

l = 5 ; h = 9 ; n = 12 0.786865 0.859247 0.737695 0.441073 0.110867

l = 10 ; h = 12 ; n = 15 0.147186 0.376102 0.594794 0.540925 0.181811

T able 2: Running times in seconds for (consecutiv e) k -out-of-10000 systems

k 2 10 100 1000 2500 5000 7500 9998

k -out-of- n 0.00 0.01 0.04 0.54 1.17 2.20 3.23 4.26

consecutiv e k -out-of- n 0.00 0.00 0.04 0.47 1.10 2.20 3.25 4.33

T able 3: Running times in seconds for l -to- h -out-of-10000 systems

l # h ! 2 10 100 1000 2500 5000 7500 9998

2 0.00 0.00 0.05 0.47 1.22 2.31 3.32 4.35

10 0.03 0.18 0.56 1.17 2.18 3.19 4.21

100 0.04 0.41 1.01 2.03 3.05 4.91

1000 0.54 1.17 2.16 3.18 4.20

2500 1.16 2.15 3.18 4.22

5000 2.17 3.20 4.20

7500 3.18 4.05

9998 4.20
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c
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BDD
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bb

cc

1 1 0 0 1 0 1 0

c c

Shannon Tree

Reduction Rules

Figure 4: F rom the Shannon tree to the BDD enco ding ab + ac .

this comparison is not absolutely fair b ecause pro cessors w ere not the same. Nev ertheless,

this sho ws that our v ery simple pro cedure comp etes with the fastest kno wn algorithms.

It is w orth noticing that v alues computed for so large systems are sub ject to strong

deviations, due to rounding errors.

4 P erformance of Binary Decision Diagrams

W e turn no w to k -within- r -out-of- n systems and their assessmen t b y means of Binary

Decision Diagrams (BDDs).

4.1 Binary Decision Diagrams

The BDD asso ciated with a form ulae is a compact enco ding of the truth table of this

form ula. This represen tation is based on the Shannon decomp osition: let � b e a Bo olean

form ula that dep ends on the v ariable v , then � = v :� [1 =v ] + v :� [0 =v ]. By c ho osing a total

order o v er the v ariables and applying recursiv ely the Shannon decomp osition, the truth

table of an y form ula can b e graphically represen ted as a binary tree. Eac h in ternal no de

enco des a form ula  = v : [1 =v ] + v : [0 =v ]. It is lab eled with the v ariable v and it has t w o

outedges (a then -outedge, p oin ting to the no de that enco des  [1 =v ], and a el se -outedge,

p oin ting to the no de that enco des  [0 =v ]). Lea v es are lab eled with either 0 or 1. The

v alue of the form ula under a giv en v ariable assignmen t is obtained b y descending along

the corresp onding branc h. The Shannon tree for the form ula ab + a c and the lexicographic

order is pictured Fig. 4 (dashed lines represen t else -outedges).

Indeed suc h a represen tation is v ery space consuming. It is ho w ev er p ossible to shrink

it b y means of the t w o follo wing reduction rules.

� Isomorphic subtrees merging. Since t w o isomorphic subtrees enco de the same for-

m ula, at least one is useless.
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� Useless no des deletion. A no de with t w o equal sons is useless since it is equiv alen t

to its son ( v : + v : =  ).

By applying these t w o rules as far as p ossible, one gets the BDD that enco des the form ula.

A BDD is therefore a directed acyclic graph. It is unique, up to an isomorphism [Bry86].

This pro cess is illustrated Fig. 4.

Logical op erations (and, or, xor, ...) can b e directly p erformed on BDDs. Among other

consequences, this means that the complete binary tree is nev er built, then shrunk: the

BDD enco ding a form ula is obtained b y comp osing the BDDs enco ding its subform ulae. A

cac hing principle is used to store in termediate results of computations. This mak es usual

logical op erations (conjunction, disjunction) p olynomial in the size of their op erands. A

complete implemen tation of a BDD pac k age is describ ed in [BRB90]. The reader in terested

in more details should refer to this article.

By applying the Shannon decomp osition to probabilities:

p ( v : 

1

+ v : 

0

) = p ( v ) :p (  

1

) + (1 � p ( v )) :p (  

0

)

one gets an linear time algorithm to assess the probabilit y of a form ula from the BDD that

enco des this form ula [Rau93 ].

4.2 Results on Habib and Sz � an tai examples

In order to assess the p erformance of BDDs on k -within- m -out-of- n systems, w e describ ed

them b y means of the follo wing parametric form ula.

�

k =r

n

def

=

n

X

i = r

k =r ( c

i � r +1

; : : : ; c

i

)

The connectiv e k =r ( k -out-of- r ) can b e e�cien tly implemen ted on BDDs. The algorithm

to do so is giv en app endix A.

T able 4 giv es results w e obtained on a desktop computer with a p en tium I I I micro-

pro cessor cadenced at 733MHz and running Lin ux. These examples are those studied b y

Habib and Sz� an tai in [HS00]. They w ere, up to this article, the biggest k -within- r -out-of- n

(with k < r < n ) considered in the literature. Their comp onen ts ha v e the same probabilit y

Q of failure.

In their article, Habib and Sz� an tai rep ort actually t w o kinds of results: some obtained

b y means of a Mon te-Carlo sim ulation algorithm applying the v ariance reduction tec hnique

of Sz� an tai [Sz� a86] and some other obtained with their metho d based on Bo ole-Bonferroni

b ounding tec hnique. F or the latters, they consider three lev els of appro ximation. W e giv e

here only the most accurate results, obtained with the S

1

- S

4

based metho d.

T able 4 presen ts, for eac h metho d, the obtained probabilit y (or lo w er and upp er b ounds

of the probabilit y), the running time in seconds, and the n um b er of no des of BDDs. Run-

ning times for Habib and Sz� an tai's results w ere obtained on a di�eren t computer, running

8



T able 4: Comparison of BDDs p erformance with results presen ted b y Habib and Sz� an tai

System Metho d F

k =r

n

Times Sizes

n = 15 ; r = 12 ; k = 8 ; Q = 0 : 75 S 1- S 4 based [0.916268,0.9162 68 ] 0.00

BDD 0.916268 0.00 235

n = 15 ; r = 10 ; k = 4 ; Q = 0 : 25 S 1- S 4 based [0.375167,0.4075 71 ] 0.00

Sim ulation 0.395 � 0.001257 2.85

BDD 0.394538 0.00 289

n = 15 ; r = 7 ; k = 5 ; Q = 0 : 25 S 1- S 4 based [0.053382,0.0608 69 ] 0.00

Sim ulation 0.057 � 0.000516 2.80

BDD 0.0570453 0.00 246

n = 30 ; r = 6 ; k = 3 ; Q = 0 : 10 S 1- S 4 based [0.136317,0.1786 68 ] 0.11

Sim ulation 0.151 � 0.000936 5.99

BDD 0.1514353 0.00 363

n = 40 ; r = 7 ; k = 4 ; Q = 0 : 10 S 1- S 4 based [0.038368,0.0478 18 ] 0.22

Sim ulation 0.042 � 0.000450 8.35

BDD 0.0421106 0.00 1122

n = 50 ; r = 40 ; k = 28 ; Q = 0 : 50 S 1- S 4 based [0.018356,0.0246 45 ] 2.09

Sim ulation 0.0021 � 0.000435 15.71

BDD 0.0211604 1.11 211427

n = 50 ; r = 35 ; k = 20 ; Q = 0 : 50 S 1- S 4 based [0.411635,0.5839 83 ] 38.56

Sim ulation 0.463 � 0.001920 50.48

BDD 0.462869 147.28 3833835
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a di�eren t op erating system, and with programs written in a di�eren t language. There-

fore, it mak es a little sense to compare them directly with our o wn. Ho w ev er, orders of

magnitude can b e compared.

These results sho w that BDDs are able to deal with rather large systems. This corrects

a claim b y Habib and Sz� an tai who wrote in [HS00] that only sim ulation is able to assess

(almost) exact results for suc h systems. Ho w ev er, the t w o last examples enligh t limits of

BDDs. Their size gro ws quic kly as k and r increase. A BDD no de is enco ded within 4

mac hine w ords. It means that no w ada ys computer memories are exhausted if BDDs with

more than few millions no des ha v e to b e built.

T able 4 sho ws that Mon te-Carlo sim ulations giv e accurate results with a go o d e�ciency .

Ho w ev er, it w ould b e in teresting to study their accuracy with lo w er and more realistic

comp onen t unreliabilities, for it is w ell kno wn that rare ev en ts are di�cult to capture with

this kind of metho ds.

The Habib-Sz� an tai's metho d giv es go o d results as w ell. Ho w ev er, its p erformance

should deteriorate as n increases (in reason of the increasing n um b er of terms). Moreo v er,

it requires that all comp onen ts ha v e the same reliabilit y .

4.3 BDD Sizes

The second series of exp erimen ts aims to sho w ho w BDD sizes increase as k , r and n

increase. W e tak e the n um b er of no des as the size of a BDD.

It can b e sho wn, but this requires a tedious case study that is outside the scop e of this

article, that if n > 2 r , the size �

k =r

n

of the BDD that enco des a k -within- r -out-of- n is as

follo ws.

�

k =r

n

= 2 �

r � 1

X

i =1

s

X

j =1

�

min ( r � j; i � 1)

s � j

�

+ ( n � 2 r � 1) �

s

X

j =1

�

r � j

s � j

�

+ z (4)

where,

� s = k if k � r = 2 and s = r � k + 2 otherwise.

� z = 1 � k if k � r = 2 and z = 1 � k + 2 otherwise.

In order to illustrate this result, w e �x �rst k and r and w e let n increase. W e rep eat

this exp erimen t for v arious v alues of k , for r = 16 and for n = 16 ; 24 ; 32 ; : : : ; 80. Eac h ro w

of the table 5 giv es the gro wth of BDD sizes. F or all v alues of k , after n = 32, the size

gro ws linearly with n , whic h is indeed a v ery go o d new for BDDs.

Second, w e �x r and n and w e let k increase. Eac h column of the table 5 giv es the

gro wth of BDD sizes. A strong symmetry app ears. The maxim um size is obtained for

k = 9, sizes for 9 + i and 9 � i , i = 1 ; 2 ; : : : are appro ximately the same.

Third, w e �x k and n and let r increase. T able 6 giv es the size of the BDDs as w ell

as the computation times (in seconds) for n = 64 and k = 9. W e w ere unable to compute

BDDs b ey ond r = 20. F or r larger than 20, the giv en sizes w ere obtained b y applying

10



T able 5: Sizes of BDDs enco ding k -within-16-out-of- n systems

k # n ! 16 24 32 40 48 56 64 72 80

4 53 1465 5555 10035 14515 18995 23475 27955 32435

6 67 4183 32753 67697 102641 137585 172529 207473 242417

8 73 6135 76067 167587 259107 350627 442147 533667 625187

9 73 6390 84360 187320 290280 393240 496200 599160 702120

10 71 6133 76065 167585 259105 350625 442145 533665 625185

12 61 4177 32747 67691 102635 137579 172523 207467 242411

14 43 1455 5545 10025 14505 18985 23465 27945 32425

T able 6: Sizes of BDDs and running times for 9-within- r -out-of-64 systems.

r 10 12 14 16 18 20 22 24

Size 2365 23399 127975 496200 1517376 3892140 8690628 17281155

Time 0.01 0.05 0.35 3.12 46.91 431.36 ? ?

equation 4. T able 6 illustrates the com binatorial explosion of BDD sizes when k and n are

�xed and r increases (up to n= 2).

Equation 4 mak es explicit adv an tages and dra wbac ks of BDDs. On the one hand, when

k and r are small, the BDD is small, ev en for large v alues of n . F or instance the BDD that

enco des a 5-within-10-out-of-1000 system is made only of 207 ; 168 no des and is computed

in 0.76s. On the other hand, when k and r are not to o small, the BDD is h uge ev en

for small v alues of n . F or instance the BDD that w ould enco de a 15-within-30-out-of-60

system w ould b e made of 986 ; 022 ; 749 no des.

5 Bounds on reliabilit y of k -within- r -out-of- n systems

F rom no w, w e shall assume that all comp onen ts ha v e the same reliabilit y P and unreliabilit y

Q . This section is organized as follo ws. First, w e presen t a basic algorithm that runs in

O ( k :n ). Then, w e extend it in to the full algorithm that runs in O (2

h

:k :n ). The basic

algorithm corresp onds to the case h = 0.

5.1 Principle

The basic algorithm consists of t w o nested lo ops. The outer lo op iterates o v er comp onen ts.

The inner lo op assesses S

j

i

, for 0 � j � k . The follo wing equalit y holds. It justi�es the

algorithm.

F

n

= K

k

r

[

n

[

i = r +1

S

k

i

(5)

11



T erms of the righ t mem b er are pairwisely disjoin t, therefore equalit y 5 can b e lifted to

probabilities. I.e.

F

n

= K

k

r

+

n

X

i = r +1

S

k

i

(6)

5.2 Decomp osition of S

k

i

S

l

i

(0 � l � k , r + 1 � i � n ) can b e decomp osed according to what en ters and go es out a

sliding windo w of r comp onen ts. W e distinguish four cases: the main case 0 < l < k � 1

and the three degenerated cases l = 0, l = k � 1 and l = k .

case 0 < l < k � 1

S

l

i

= ( Q

i

\ Q

i � r

\ S

l � 1

i � 1

) [ ( Q

i

\ Q

i � r

\ S

l

i � 1

)

[ ( Q

i

\ Q

i � r

\ S

l

i � 1

) [ ( Q

i

\ Q

i � r

\ S

l +1

i � 1

)

(7)

case l = 0

S

0

i

= ( Q

i

\ S

0

i � 1

) [ ( Q

i

\ Q

i � r

\ S

1

i � 1

) (8)

case l = k � 1

S

k � 1

i

= ( Q

i

\ Q

i � r

\ S

k � 2

i � 1

) [ ( Q

i

\ Q

i � r

\ S

k � 1

i � 1

)

[ ( Q

i

\ Q

i � r

\ S

k � 1

i � 1

)

(9)

case l = k

S

k

i

= Q

i

\ Q

i � r

\ S

k � 1

i � 1

(10)

Again, terms of mem b ers are pairwisely disjoin t. Therefore, the ab o v e equalities can

b e lifted to probabilities.

By extending sligh tly the de�nition, w e can set S

l

r

= T

l ;l

r

. S

l

r

as w ell as K

k

r

can b e

computed in O ( k :r ) using functions giv en Fig. 1 and 2.

Q

i

is indep endan t of b oth Q

i � r

and S

l

i � 1

. Therefore, p ( Q

i

\ Q

i � r

\ S

l

i � 1

) = Qz �

p ( Q

i � r

\ S

l

i � 1

). A similar remark holds for terms that in v olv e Q

i

and Q

i � r

.

The idea is to appro ximate p ( Q

i � r

\ S

l

i � 1

) and p ( Q

i � r

\ S

l

i � 1

) from p ( S

l

i � 1

). W e shall

see that this can b e done in constan t time. Therefore, equations 7-10 giv e a mean to assess

F

n

in O ( k :n ).

The ANSI C co de for this basic algorithm is giv en app endix B.
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5.3 Appro ximation(s) of p ( Q

i � r

\ S

l

i � 1

)

Assume that w e toss a coin r times with a probabilit y P to dra w a head. There are

�

r

l

�

di�eren t dra wings that giv e exactly l heads. The prop ortion of these dra wings that start

with a head is

(

r � 1

l � 1

)

(

r

l

)

=

l

r

. This prop ortion do es not dep end on P , b ecause all dra wings

(that giv e l heads) ha v e the same probabilit y to o ccur, namely P

l

(1 � P )

r � l

.

The idea is th us to appro ximate p ( Q

i � r

\ S

l

i � 1

) as follo ws.

p ( Q

i � r

\ S

l

i � 1

) �

l

r

� S

l

i � 1

(11)

Indeed, p ( Q

i � r

\ S

l

i � 1

) �

r � l

r

� S

l

i � 1

.

Let � b e a sequence of states of comp onen ts c

1

up to c

i � 1

ending with l failed comp onen ts

among c

i � r

, : : : , c

i � 1

. Assume that �

i � r

= 0 (i.e. c

i � r

is failed). Let � b e an y sequence

suc h that � and � di�er on exactly t w o comp onen ts: c

i � r

and a comp onen t c

s

suc h that

s > i � r and �

s

= 1 ( �

i � r

= 1, �

s

= 0). Then, if � b elongs to S

l

i � 1

, � b elongs to S

l

i � 1

as

w ell. The con v erse is not true. In other w ords, if the n um b er x

i

of sequences that b elong

to S

l

i

is a

i

:

�

l

i

�

for a giv en p ositiv e n um b er a

i

, then the n um b er y

i

of sequences � of S

l

i

suc h

that � ( i � r ) = 1 is less than a

i

:

�

l � 1

i � 1

�

. Therefore,

y

i

x

i

<

l

i

.

It follo ws that equation 11 giv es an upp er appro ximation of p ( Q

i � r

\ S

l

i � 1

).

5.4 T aking the recen t past in to accoun t

T o apply equation 11, one needs only to store the last v alue of S

l

i

, for 0 � l < k . It is p ossible

to re�ne this appro ximation b y taking in to accoun t states of comp onen ts c

i � h

; : : : ; c

i � 1

, for

a giv en h suc h that 0 � h � r . In other w ords, S

l

i � 1

can b e decomp osed as follo ws

(extending equation 7).

S

l

i � 1

= ( S

l

i � 1

\ Q

i � 1

) [ ( S

l

i � 1

\ Q

i � 1

) h = 1

= ( S

l

i � 1

\ Q

i � 1

\ Q

i � 2

) [ ( S

l

i � 1

\ Q

i � 1

\ Q

i � 2

)

[ ( S

l

i � 1

\ Q

i � 1

\ Q

i � 2

) [ ( S

l

i � 1

\ Q

i � 1

\ Q

i � 2

)

h = 2

=

.

.

. h =

.

.

.

The idea is to main tain 2

h

v ectors of probabilities, where h stands for the length of the

history w e w an t to consider. These v ectors con tain the probabilities p ( S

l

i � 1

\

T

i � h

j = i � 1

Q

a

j

j

),

where a

j

2 f 0 ; 1 g , Q

1

j

denotes Q

j

and Q

0

j

denotes Q

j

. The re�nemen t of the appro ximation

is as follo ws.

p

 

Q

i � r

\ S

l

i � 1

\

i � 1

\

j = i � h

Q

a

j

j

!

�

l �

P

i � 1

j = i � h

a

i

r � h

� p

 

S

l

i � 1

\

i � 1

\

j = i � h

Q

a

j

j

!

p

 

Q

i � r

\ S

l

i � 1

\

i � 1

\

j = i � h

Q

a

j

j

!

�

( r � h ) � ( l �

P

i � 1

j = i � h

a

i

)

r � h

� p

 

S

l

i � 1

\

i � 1

\

j = i � h

Q

a

j

j

!
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: : : a

i � r

a

i � r +1

: : : a

i � h

a

i � h +1

: : : a

i � 1

a

i

[ . . . . . . . . . . . . . . . . . . . . . . . . l . . . . . . . . . . . . . . . . . . . . . . . . ]

[ . . . . . . . . . . . . . . . . . . . l + a

i � r

� a

i

. . . . . . . . . . . . . . . . . . . ]

[ l + a

i � r

� a

i

�

P

i � 1

j = i � h

a

j

]

Figure 5: A pictural view of the n um b er of failed comp onen ts in a sliding r -windo w

The application of the ab o v e appro ximations requires careful case studies in order to

mak e sure that

P

i � h

j = i � 1

a

j

� l .

The ab o v e left mem b ers can b e computed incremen tally as in the basic algorithm. The

main case is as follo ws.

p

�

S

l

i

\

T

i

j = i � h +1

Q

a

j

j

�

= p

�

Q

i � r

\ S

l � a

i

i � 1

\

T

i

j = i � h +1

Q

a

j

j

�

+ p

�

Q

i � r

\ S

l � a

i

+1

i � 1

\

T

i

j = i � h +1

Q

a

j

j

�

= p

�

Q

a

i

i

\ Q

i � r

\ S

l � a

1

i � 1

\ Q

i � h

\

T

i � 1

j = i � h +1

Q

a

j

j

�

+ p

�

Q

a

i

i

\ Q

i � r

\ S

l � a

1

i � 1

\ Q

i � h

\

T

i � 1

j = i � h +1

Q

a

j

j

�

+ p

�

Q

a

i

i

\ Q

i � r

\ S

l � a

i

+1

i � 1

\ Q

i � h

\

T

i � 1

j = i � h +11

Q

a

j

j

�

+ p

�

Q

a

i

i

\ Q

i � r

\ S

l � a

i

+1

i � 1

\ Q

i � h

\

T

i � 1

j = i � h +1

Q

a

j

j

�

� p ( Q

a

i

i

) �

( r � h ) � ( l � a

i

�

P

i � 1

j = i � h +1

a

j

� 1)

r � h

� p

�

S

l

i � 1

\ Q

i � h

\

T

i � 1

j = i � h +1

Q

a

j

j

�

+ p ( Q

a

i

i

) �

( r � h ) � ( l � a

i

�

P

i � 1

j = i � h +1

a

j

)

r � h

� p

�

S

l

i � 1

\ Q

i � h

\

T

i � 1

j = i � h +1

Q

a

j

j

�

+ p ( Q

a

i

i

) �

l � a

i

+1 �

P

i � 1

j = i � h +1

a

j

� 1

r � h

� p

�

S

l � 1

i � 1

\ Q

i � h

\

T

i � 1

j = i � h +1

Q

a

j

j

�

+ p ( Q

a

i

i

) �

l � a

i

+1 �

P

i � 1

j = i � h +1

a

j

r � h

� p

�

S

l � 1

i � 1

\ Q

i � h

\

T

i � 1

j = i � h +1

Q

a

j

j

�

Figure 5 ma y help the reader to �gure out ho w ab o v e equations w ork.

Let

~

F

h

n

denote the appro ximation of F

n

obtained b y applying the algorithm with a

history of length h . Eac h iteration of the outer lo op of the algorithm consists in up dating

the 2

h

v alues for eac h l , 0 � l � k . Therefore, the algorithm runs in O (2

h

:k :n ).

No w, there are t w o imp ortan t facts.

F act 1 The fol lowing ine qualities hold.

~

F

0

n

�

~

F

1

n

� : : : �

~

F

r

n

= F

n
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F act 2 The fol lowing ine quality holds (for h = 0 ; : : : ; r � 2 ).

~

F

h +1

n

�

~

F

h

n

�

~

F

h +2

n

�

~

F

h +1

n

A t the momen t, w e ha v e no short pro of for these t w o facts. The pro of of fact 1 is b y

means of double induction on n and k to sho w that the sum of the computed v alues for

S

l

i

(0 � l � k � 1, r + 1 � i � n ) is greater than the sum of their actual v alues. W e

ha v e no simple pro of of fact 2. An yw a y , b oth facts are supp orted b y strong exp erimen tal

evidences.

F act 1 asserts that the algorithm computes a lo w er b ound and con v erges to the exact

v alues. F act 2 asserts that its con v ergence is fast. Moreo v er, it can b e used to compute

upp er b ounds. The follo wing inequalit y holds for h = 1 ; : : : ; r .

F

n

�

~

F

h

n

+ ( r � h ) : [

~

F

h

n

�

~

F

h � 1

n

] (12)

Pro of.

~

F

r

n

=

~

F

h

n

+

P

r

i = h +1

~

F

i

n

�

~

F

i � 1

n

. By fact 2, w e ha v e

~

F

i

n

�

~

F

i � 1

n

�

~

F

h

n

�

~

F

h � 1

n

for

h < i � r . The inequalit y 12 follo ws just b y summing the terms.

The idea is therefore to compute successiv ely the follo wing ranges.

h lo w er b ound upp er b ound

0

~

F

0

n

min (1 ; r :

~

F

0

n

)

1

~

F

1

n

~

F

1

n

+ ( r � 1) : [

~

F

1

n

�

~

F

0

n

]

.

.

.

h

~

F

h

n

~

F

h

n

+ ( r � h ) : [

~

F

h

n

�

~

F

h � 1

n

]

.

.

.

The pro cess is iterated un til either h reac hes a giv en v alue or the maxim um relativ e un-

certain t y go es b elo w a prede�ned threshold. The maxim um relativ e uncertain t y is de�ned

as follo ws.

( r � h ) : [

~

F

h

n

�

~

F

h � 1

n

]

~

F

h

n

It is w orth noticing that this algorithm is still in O (2

h

:k :n ).

6 Exp erimen tal results

6.1 Comparison with results Habib and Sz � an tai

T ables 7, 8, 9 and 10 rep ort results of the algorithm describ ed in the previous section

on the four biggest examples studied b y Habib and Sz� an tai. W e set the maxim um v alue

for h to 15 and the threshold for the maxim um relativ e uncertain t y to 1%. In all of the
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T able 7: n = 30 ; r = 6 ; k = 3 ; Q = 0 : 10 ; F

3 = 6

30

= 0 : 1514353

h lo w er b ound upp er b ound %error %uncert. time

S 1- S 4 based 0.136317 0.178668 11 31 0.11

0 0.140738 0.985163 7.6 600 0.00

1 0.144795 0.165079 4.6 14 0.00

2 0.147685 0.159249 2.5 7.8 0.00

3 0.149676 0.155649 1.2 4 0.00

4 0.150902 0.153355 0.35 1.6 0.00

5 0.151435 0.151968 0.0002 0.35 0.00

T able 8: n = 40 ; r = 7 ; k = 4 ; Q = 0 : 10 ; F

4 = 7

40

= 0 : 0421106

h lo w er b ound upp er b ound %error %uncert. time

S 1- S 4 based 0.038368 0.047818 9.8 25 0.22

0 0.0395055 0.316044 6.6 700 0.00

1 0.0405621 0.0469018 3.8 16 0.00

2 0.0412406 0.0446329 2.1 8.2 0.00

3 0.0416707 0.043391 1.1 4.1 0.00

4 0.0419282 0.0427006 0.44 1.8 0.00

5 0.0420626 0.0423316 0.11 0.64 0.00

T able 9: n = 50 ; r = 40 ; k = 28 ; Q = 0 : 50 ; F

28 = 40

50

= 0 : 0211604

h lo w er b ound upp er b ound %error %uncert. time

S 1- S 4 based 0.018356 0.024645 15 34 2.09

0 0.0208034 0.852939 1.7 4000 0

1 0.0209393 0.026241 1.1 25 0.00

2 0.021023 0.0242029 0.65 15 0.00

3 0.0210771 0.0230771 0.4 9.5 0.00

4 0.0211122 0.0223766 0.23 6 0.00

5 0.0211346 0.0219171 0.12 3.7 0.00

6 0.0211481 0.0216095 0.058 2.2 0.01

7 0.0211557 0.0214048 0.022 1.2 0.02

8 0.0211592 0.0212735 0.0057 0.54 0.04
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T able 10: n = 50 ; r = 35 ; k = 20 ; Q = 0 : 50 ; F

20 = 35

50

= 0 : 462869

h lo w er b ound upp er b ound %error %uncert. time

S 1- S 4 based 0.411635 0.583983 12 42 38.56

0 0.453422 1 2.1 120 0.00

1 0.455741 0.534583 1.6 17 0.00

2 0.45744 0.513492 1.2 12 0.00

3 0.458748 0.500632 0.9 9.1 0.00

4 0.459776 0.491635 0.67 6.9 0.00

5 0.460588 0.48493 0.5 5.3 0.01

6 0.461226 0.479755 0.36 4 0.01

7 0.461725 0.475673 0.25 3 0.02

8 0.462106 0.472408 0.17 2.2 0.04

9 0.46239 0.469778 0.1 1.6 0.07

10 0.462593 0.467667 0.06 1.1 0.15

11 0.462729 0.465999 0.03 0.71 0.33

subsequen t tables, w e giv e the p ercen tage of relativ e error, i.e.

F

k =r

n

� LB

LB

, as w ell as the

p ercen tage of relativ e uncertain t y , i.e.

U B � LB

LB

. Both v alues are of in terest to giv e a picture

of the accuracy of metho ds.

The follo wing observ ations can b e made on these results.

� Running times are excellen t.

� The algorithm con v erges in few steps ev en on strong requiremen ts on the maxim um

relativ e uncertain t y .

� Appro ximations are m uc h more accurate than those obtained with the algorithm b y

Habib and Sz� an tai, ev en for h = 1.

� The lo w er b ound is m uc h closer to the exact result than the upp er b ound. It could

b e the case that with more mathematical e�orts the latter can b e impro v ed.

6.2 F urther exp erimen ts

W e shall no w rep ort further exp erimen ts to sho w the adv an tages, but also the limits, of

our metho d.

T able 11 rep orts results on the last example of [HS00] with v arious v alues of Q . As

previously , w e set the threshold for the maxim um relativ e uncertain t y to 1%. Eac h ro w of

the table corresp onds to a v alue of Q . The giv en results are those obtained for the smallest

v alue of h suc h that the relativ e error is b elo w the threshold. These results sho w that the

algorithm is rather sensitiv e to the reliabilit y of comp onen ts. Its accuracy decreases at Q

tends to 0 : 5. The same picture is obtained for all v alues of k , r and n .
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T able 11: n = 50 ; r = 35 ; k = 20

Q F

20 = 35

50

h LB UB %error %uncert. time

0.75 0.999519 0 0.999381 1 0.014 0.062 0.00

0.6 0.882321 9 0.881804 0.889007 0.059 0.82 0.07

0.5 0.462869 11 0.462729 0.465999 0.03 0.71 0.33

0.4 0.0851995 10 0.0851587 0.0859966 0.048 0.98 0.13

0.25 0.000253384 8 0.000253262 0.000255672 0.048 0.95 0.03

0.1 5.51169e-11 5 5.51017e-11 5.5526e-11 0.028 0.77 0.01

0.01 2.63586e-30 2 2.63558e-30 2.64961e-30 0.011 0.53 0.00

One could exp ect that the accuracy of our algorithm decreases as n increases, b ecause

it is the case for most of other appro ximation sc hemes. In order to study ho w m uc h

its degrades, w e consider 15-within-20-out-of- n systems. W e study these systems for t w o

reasons: �rst, their exact reliabilities can b e assessed b y means of BDDs. Second, real-

life problems suc h as those men tioned b y P apasta vridis and Koutras in [PK93], namely

qualit y con trol pro cedures and radar detection, should b e suc h that k is close to r and n is

large w.r.t. r . T able 12 rep orts results w e obtained for sev eral v alues of n . These results

sho w that the accuracy of our metho d actually decreases as n increases, but v ery slo wly .

Moreo v er, it seems that the accuracy decreases linearly with n . This giv es a rule of th um b

to correct the lo w er b ound: compute the exact v alue for k , r and some lo w v alues of n ,

deduce the decrease of accuracy as a function of n , compute the lo w er b ound for the actual

v alue of n and �nally correct it.

T o end this presen tation, table 13 rep orts results w e obtained on 224-within-256-out-

of- n systems. In order to mak e the reliabilit y of suc h systems realistic, w e to ok Q = 0 : 75.

These results sho w that our metho d is still e�cien t and accurate on v ery large systems

(m uc h larger than an y system already studied in the literature).

7 Conclusion

In this article, w e sho w ed that there exist v ery simple y et v ery e�cien t algorithms to assess

k -out-of- n , l -to- h -out-of- n and consecutiv e k -out-of- n systems. Namely , these algorithms

run resp ectiv ely in O ( k :n ), O ( h:n ) and O ( k :n ). In our h um ble p oin t of view, they mak e

of a little in terest further impro v emen ts in the assessmen t of systems of the ab o v e classes.

Then, w e considered k -within- r -out-of- n systems that are instrinsically m uc h harder.

First, w e studied the p erformance of Binary Decision Diagrams on k -within- r -out-of- n

systems. W e explicited the n um b er of no des of the BDD that enco des suc h a system for

the case where n � 2 r . W e sho w b y means of an exp erimen tal study that BDD mak es

it p ossible to compute the exact v alue of the reliabilit y of k -within- r -out-of- n systems for

small v alues of r (sa y r � 10) but large v alues of n (sa y n � 1000). It is w orth noticing

that BDD can b e used ev en in the case where comp onen ts ha v e di�eren t reliabilities.
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T able 12: r = 20 ; k = 15

n F

15 = 20

50

LB UB %error %uncert. time

40 1.28822e-10 1.28799e-10 1.29422e-10 0.018 0.48 0.00

50 1.88329e-10 1.88289e-10 1.89335e-10 0.021 0.56 0.00

60 2.47837e-10 2.47778e-10 2.49249e-10 0.024 0.59 0.00

70 3.07344e-10 3.07268e-10 3.09162e-10 0.025 0.62 0.00

80 3.66851e-10 3.66757e-10 3.69075e-10 0.026 0.63 0.00

90 4.26358e-10 4.26247e-10 4.28988e-10 0.026 0.64 0.01

Q

=

0

:

1

;

h

=

4

100 4.85865e-10 4.85737e-10 4.88902e-10 0.026 0.65 0.01

40 0.10052 0.0999556 0.101953 0.56 2 0.13

50 0.13667 0.134815 0.139778 1.4 3.7 0.20

60 0.171319 0.168218 0.17631 1.8 4.8 0.26

70 0.204582 0.200302 0.21143 2.1 5.6 0.33

80 0.236509 0.23114 0.245116 2.3 6 0.38

90 0.267154 0.260787 0.277397 2.4 6.4 0.44

Q

=

0

:

5

;

h

=

10

100 0.29657 0.28929 0.308319 2.5 6.6 0.51

T able 13: r = 256 ; k = 224 ; Q = 0 : 75

n h LB UB %uncert. time

512 1 1.07986e-05 1.92281e-05 78 0.05

5 1.08976e-05 1.61837e-05 49 0.89

10 1.098e-05 1.44353e-05 31 37.24

1024 1 3.06454e-05 5.61601e-05 83 0.12

5 3.09509e-05 4.74539e-05 53 2.61

10 3.12129e-05 4.23426e-05 36 111.26

2048 1 0.703347e-04 1.30026e-04 85 0.29

5 0.710531e-04 1.09998e-04 55 6.11

10 0.716746e-04 0.98162e-04 37 259.9

4096 1 1.49708e-04 2.77744e-04 86 0.62

5 1.51253e-04 2.35077e-04 55 13.11

10 1.52593e-04 2.09793e-04 37 556.83
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Then, w e prop osed an algorithm to compute lo w er and upp er b ounds of k -within- r -

out-of- n system reliabitilities in the case where all comp onen ts ha v e the same reliabilit y .

This algorithm runs in O (2

h

:k :n ), where 0 � h � r is parameter that �xes the allo w ed

amoun t of computations. W e sho w b y means of exp erimen ts that it outp erforms the b est

algorithms prop osed up to no w: it is m uc h faster and it giv es m uc h more accurate results.
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A Computation of BDDs for k -out-of- n systems

The algorithm that computes the BDD of a k -out-of- n system is essen tially the logical

coun ter-part of the algorithm of Fig. 1. It is based on the follo wing recursiv e equations.

0 =n ( �

1

; : : : ; �

n

) = 1

k =n ( �

1

; : : : ; �

n

) = 0 if k > n

k =n ( �

1

; : : : ; �

n

) = �

1

:k � 1 =n � 1( �

2

; : : : ; �

n

) + �

1

:k =n � 1( �

2

; : : : ; �

n

)

This recursiv e principle can b e implemen ted e�cien tly in an imp erativ e st yle b y means

of t w o nested lo ops. The outer lo op just iterates n times the inner lo op. The inner lo op

go es through the k + 1 cells of a v ector

~

V of BDDs. A t the i th iteration of the outer lo op,

the BDD of the j th cell V

j

enco des the form ula j =i ( �

1

; : : : ; �

i

).

The pseudo co de for this algorithm is as follo ws.

V

0

 BddOne

for j = 1 ; : : : ; k do V

j

 BddZero done

for i = 1 ; : : : ; n do

for j = k ; : : : ; 1 do

V

j

 BddOr ( BddAnd ( �

i

; V

j � 1

) ; BddAnd ( BddNot ( �

i

) ; V

j

))

done

V

0

 BddAnd ( BddNot ( �

i

) ; V

0

)

done

return V

k

B The basic algorithm

The ANSI C function that implemen ts the basic algorithm is giv en Fig. 6. In order to

simplify instructions, w e use t w o arra ys M and N in whic h the quotien ts

l

r

's and

r � l

r

's are

stored. The arra y T is an auxiliary data structure that is used to store the S

l

i � 1

's.
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double lower_bound_k_within_r_o ut_o f_n( int k, int r, int n, double Q)

{

double *S, *T, *M, *N, F, P;

int i, l;

M=(double*) calloc(sizeof(double),k);

N=(double*) calloc(sizeof(double),k);

for (l=0;l<k;l++) { M[l]=l/(double)r; N[l]=1-M[l]; }

S=(double*) calloc(sizeof(double),k);

T=(double*) calloc(sizeof(double),k);

F=0; P=1-Q;

S[0]=1.0; for (l=1;l<k;l++) S[j]=0.0;

for (i=1;i<=r;i++) {

F=F+q*S[k-1];

for (l=k-1;l>0;l--) S[l]=Q*S[l-1]+P*S[l];

S[0]=P*S[0];

}

for (i=r+1;i<=n;i++) {

for (l=0;l<k;l++) T[l]=S[l];

S[0]=P*(T[0]+M[1]*T[1]);

for (l=1;l<k-1;l++)

S[l]=Q*(N[l-1]*T[l-1]+M[l ]*T[ l]) + P*(N[l]*T[l]+M[l+1]*T[l +1]) ;

S[k-1]=Q*(N[k-2]*T[k-2]+ M[k -1]* T[k- 1]) + P*N[k-1]*T[k-1];

F=F+Q*N[k-1]*T[k-1];

}

free(S); free(T); free(M); free(N);

return(F);

}

Figure 6: The ANSI C function to compute a lo w er b ound of the reliabilit y of k -within- r -

out-of- n systems.
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