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Summary & conclusions

MOCUS is probably the most famous algorithm to compute minimal cutsets of fault trees.

It has b een prop osed b y F ussel and V esely in 1972. It is at the presen t the core metho d

of man y fault tree assessmen t to ols. Despite its wide use, textb o oks and articles giv e only

few details ab out ho w to implemen t it.

In this article, w e describ e data structures as w ell as sev eral impro v emen ts and heuristics

that mak e MOCUS robust and e�cien t. W e in tro duce the notion of shado w v ariables in

order to deal with success branc hes of ev en t trees.

W e rep ort exp erimen ts on a b enc hmark of the 1819 ev en t tree sequences that w ere

generated during a PSA study . These results sho w that MOCUS is a go o d alternativ e to

Binary Decision Diagrams.
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1 In tro duction

MOCUS is probably the most w ell kno wn algorithm to compute minimal cutsets of fault

trees, ev en t trees, blo c k diagrams, : : : . It has b een prop osed b y F ussel and V esely in

1972 [1]. It is represen tativ e of the class of top-do wn algorithms. It is at the presen t the

core metho d of man y fault tree assessmen t to ols, including Risk Sp ectrum [2] and IRRAS

(SAPHIRE) [3] that are b oth widely used b y in n uclear enginering. Eac h of these to ols

in tro duces its o wn re�nemen ts on the original metho d, but the basis remains the same.

Despite the wide use of top-do wn algorithms, textb o oks and articles dev oted to this

topic giv e only few details ab out ho w to implemen t them. F or instance, the question of

data structures is almost nev er discussed although it pla ys a cen tral r^ ole in the e�ciency

of the metho ds. In this article, w e describ e a full implemen tation of MOCUS, including
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data structures that mak e it robust and e�cien t. W e try to p oin t out all the places where

design decisions m ust b e tak en and w e discuss our c hoices.

As a b enc hmark, w e used the 1819 ev en t tree sequences that w ere generated during

a PSA study . Some of these sequences con tain more than one thousand input v ariables,

t wice more gates, among whic h a signi�can t prop ortion are replicated. T o cop e with suc h

large mo dels, w e in tro duced new ideas, suc h as the notion of shado w v ariables. This article

presen ts these impro v emen ts. W e sho w also that MOCUS is sensitiv e to the w a y form ulae

are written and w e prop ose a rewriting heuristic that o v ercomes this problem.

During last decade, the framew ork of fault tree assessmen t algorithms has b een deeply

impacted b y the in tro duction of Binary Decision Diagrams (BDDs) based metho ds (see

for instance [4, 5] for the v ery �rst con tributions). BDDs [6, 7] are the state-of-the-art

data structure to enco de and to manipulate Bo olean functions. In most of the cases,

they outp erform the other metho ds. Ho w ev er, BDDs also are sub ject to com binatorial

explosion. F or large mo dels, suc h as the largest sequences of our b enc hmark, the BDD

that enco des the mo del ma y b e not computable within reasonable amoun ts of time and

computer memory . The problem comes that, con v ersely to MOCUS-lik e algorithms, the

BDD tec hnology do es not supp ort easily appro ximations (although some progresses ha v e

b een done recen tly in this direction [8]). Therefore, BDDs ma y b e unable to pro vide

an y result, whic h is indeed unacceptable. This is a strong motiv ation to dev elop e�cien t

alternativ e algorithms. The exp erimen tal results w e obtained on our b enc hmark sho w that

MOCUS is a go o d candidate to b e suc h an alternativ e metho d.

The remainder of this article is organized as follo ws. Some preliminary de�nitions are

giv en section 3. The section 4 describ es an e�cien t implemen tation of MOCUS. The sec-

tion 5 discusses sev eral impro v emen ts. Finally , exp erimen tal results are rep orted section 6.

2 Notations

Throughout this article, w e shall use the follo wing notations.

{ E = f e

1

; : : : ; e

N

g denotes the set of basic ev en ts.

{ G = f g

1

; : : : ; g

M

g denotes the set of gate v ariables.

{ F

1

, F

2

, ... denote Bo olean form ulae.

{ v ar ( F ) denotes the set of v ariables o ccurring in F .

{ M C S [ F ] denotes the set of minimal cutsets of F .

{ p ( F ) denotes the probabilit y of a F .
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3 Preliminaries

3.1 Sets of Equations

In what follo ws, w e consider Bo olean mo dels that are giv en as sets of (Bo olean) equations.

Structure functions of fault trees, ev en t trees, blo c k diagrams can b e view ed as suc h sets

of equations.

Let E = f e

1

; : : : ; e

N

g and G = f g

1

; : : : ; g

M

g b e t w o distinct sets of Bo olean v ariables.

E is the set of basic ev en ts. G is the set of gates. An equation o v er E [ G is an equalit y of

the follo wing form.

g = F

where g 2 G , and F is a b o olean form ula built o v er E [ G and the usual logical connectiv es

\ : " (and), \+" (or), \ " (not), k =n ( k -out-of- n ).

A set of equations is assimilated with the conjunct of its elemen ts. A set E of equations

is said hierarc hical if it ful�ls the follo wing requiremen ts.

� F or eac h g in G , E con tains exactly one equation of the form g = F . F or the sak e of

simplicit y , w e denote F

i

( i = 1 ; : : : ; M ) the unique form ula suc h that the equation

g

i

= F

i

is in E .

� There exists a one-to-one function � from G to [1 ; M ] (i.e. a total order o v er G ) suc h

that for an y t w o gates g

i

and g

j

the follo wing holds.

� ( g

i

) � � ( g

j

) ) g

i

62 v ar ( F

j

)

� E is uniquely ro oted, i.e. there is a unique gate g

top

that o ccurs in no F

i

.

In what follo ws, w e shall consider only hierarc hical sets of equations.

An y (hierarc hical) set of equation E can b e rewritten in to an equiv alen t singleton

f g

top

= F

0

top

g . T o obtain F

0

top

, it su�ces to substitute the F

i

's for the g

i

's according to

the order � . F or this reason, E can b e assimilated with the form ula F

0

top

. F or the sak e of

simplicit y , w e shall do systematically this assimilation. F or instance, w e shall write \the

minimal cutsets of E " instead of \the minimal cutsets of F

0

top

where F

0

top

is the form ula

suc h that : : : ".

3.2 Minimal Cutsets

A literal is either a v ariable v or its negation v . A pro duct is a conjunct of literals that

do es not con tain b oth a literal and its negation ( v and v ). A min term is a pro duct that

con tains a literal for eac h v ariable of E . Pro ducts and min terms are assimilated with sets

of literals.

A min term � can b e seen also as an assignmen t, i.e. a function �

�

from E to f 0 ; 1 g .

�

�

( e ) =

�

1 if e 2 �

0 if e 2 �
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F or the sak e of simplicit y , w e shall just write � ( e ) instead of �

�

( e ). Assignmen ts can b e

lifted up to form ulae b y structural induction and according to the usual la ws.

� ( F ) = 1 � � ( F ) � ( F :G ) = min ( � ( F ) ; � ( G )) � ( F + G ) = max ( � ( F ) ; � ( G ))

Let � b e a pro duct, w e denote b y �

c

the min term obtained b y complemen ting � with

negativ e literals built o v er the ev en ts that do not o ccur in � .

A p ositiv e pro duct � is a minimal cutset of a set of equations E if the follo wing condi-

tions hold.

� � is a cutset of E , i.e. �

c

( E ) = 1.

� � is minimal, i.e. for an y pro duct � � � , �

c

( E ) = 0.

The reference [8] giv es an algebraic framew ork for the notion of minimal cutsets.

The set of minimal cutsets of E in denoted b y M C S [ E ].

3.3 And-Or-T rees

MOCUS tak es And-Or-T rees as input form ulae. An And-Or-T ree is a set of equations suc h

that eac h F

i

is made with a single connectiv e and only ev en ts can b e negated. An y set of

equations can b e e�cien tly rewritten as an And-Or-T ree. The algorithm is as follo ws.

1. Flatten equations, i.e. a new equation is created for eac h nested connectiv e. E.g.

g = a + b:c + d � !

�

g = a + g

new

+ d

g

new

= b:c

2. Expand k -out-of- n gates. This can b e done in O ( k :n ) b y applying the follo wing

decomp osition.

g = k =n ( v

1

; : : : ; v

n

) � !

8

>

>

<

>

>

:

g = g

new 1

+ g

new 2

g

new 1

= x

1

:g

new 3

g

new 2

= k =n � 1( v

2

; : : : ; v

n

)

g

new 3

= k � 1 =n � 1( v

2

; : : : ; v

n

)

Note that most of the authors (e.g. [3, 2]) suggest to expand k -out-of- n gates as a

sum of pro ducts. When k � n= 2 and n is not to o small, this ma y b e costly . The

pro cess w e prop ose w orks ev en for large v alues of n .

3. Push do wn negations. A new gate v ariable g

not

is created (when needed) for the gate

v ariable g . g

not

enco des the negation of g . The equation of g

not

is obtained b y means

of de Morgan's la ws, e.g.

h = g + d

g = a:b:c

�

� !

�

h = g

not

+ d

g

not

= a

not

+ b

not

+ c

not

This pro cess is ac hiev ed in one top-do wn pass o v er the set of equations.
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P  ; , R  f g

top

g

while R 6= ; do

select a pro duct � in R , R  R n f � g

if � is terminal

then P  P [ ExtractMcs ( � )

else

select a gate g in � : � = g :�

if g = �

k

i =1

l

i

then insert �: �

k

i =1

l

i

in R

if g =

P

k

i =1

l

i

then if 9 l

i

2 �

else insert � in R

else insert �:l

1

, : : : , �:l

k

in R

Figure 1: The pseudo-co de for the MOCUS algorithm

4 MOCUS

4.1 Principle of the Algorithm

MOCUS w orks with t w o sets of pro ducts. The set R of pro ducts it remains to pro cess

and the set P of already found minimal cutsets. R is initialized with f g

top

g , where g

top

is

the ro ot of the And-Or-T ree under study . P is initialized with the empt y set. Then, eac h

pro duct � of R is considered in turn.

� If � is terminal, i.e. if it con tains only basic ev en ts, minimal cutsets of � are extracted

and inserted in P . This pro cess is discussed in section 4.2.

� Otherwise, a gate v ariable is selected in � and replaced b y its de�nition, p ossibly

giving sev eral new pro ducts. The obtained pro ducts are reinserted in R .

The pseudo-co de for the algorithm is giv en Fig. 1.

Let � b e a non-terminal pro duct considered at a giv en step of the algoritm. Let g b e

the gate v ariable selected in � ( � = g :� ). Finally , let g = F b e the equation that de�nes g

in E . There are t w o cases.

� If F = �

k

i =1

l

i

, then � is rewritten in �:F . �:F is reinserted in R if it con tains no pair

of opp osite literals.

� If F =

P

k

i =1

l

i

, then � is rewritten in

P

k

i =1

�:l

i

. If � con tains one of the l

i

, this sum is

equiv alen t to � , whic h is reinserted in R . If � con tains the opp osite of l

i

, the pro duct

�:l

i

is discarded. The remaining pro ducts �:l

i

are reinserted in R .

Suc h simpli�cations ha v e b een describ ed already b y sev eral authors (see for instance [3]).
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4.2 Extraction of Minimal Cutsets

Let � b e a terminal pro duct considered at a giv en step of the algoritm. Let � = �

k

i =1

e

i

b e the p ositiv e part of � . By construction, �

c

is a cutset of E . Ho w ev er, it ma y b e non

minimal. Minimal cutsets of � are extracted as follo ws.

The pro ducts �

i

= � n f e

i

g are considered in turn. If all of these pro ducts are suc h that

�

c

i

( E ) = 0, � is minimal. Otherwise, � is not minimal and minimal cutsets are extracted

from the �

i

's suc h that �

c

i

( E ) = 1. In order to a v oid to do the same job t wice, a cac he can

b e used to store already considered pro ducts (the same goal can b e ac hiev ed b y considering

the e

i

's alw a ys in the same order). Note also that to c hange �

i

in to �

i +1

it su�ces to 
ip

the v alues of e

i

and e

i +1

.

A t the end of this pro cess, a n um b er of minimal cutsets are obtained. It remains to

discard those that are already in P . The section 4.4 prop oses a data structure to do this

e�cien tly .

4.3 T runcations on the Probabilities

It is often the case, when dealing with real-life mo dels, that the set E of equations under

study admits a h uge n um b er of minimal cutsets. F ortunately , it is in general an accurate

appro ximation to consider only the most imp ortan t ones, i.e. those that ha v e the highest

con tribution to the system unreliabilit y .

The con tribution of a minimal cutset � is de�ned as follo ws.

p ( � )

P

� 2 M C S [ E ]

p ( � )

The con tribution is sometimes called the F ussel-V esely imp ortance factor of � for it has

b een prop osed b y these authors in [9] as a risk ranking measure. Note that for an y subset

P of M C S [ E ] the follo wing inequalit y holds.

p ( � )

P

� 2 P

p ( � )

�

p ( � )

P

� 2 M C S [ E ]

p ( � )

Therefore, if the con tribution of a pro duct estimated only from the already found

minimal cutsets is b elo w a giv en threshold T , its actual con tribution is b elo w the threshold

as w ell (and the pro duct can b e immediately discarded). The threshold T is often called

the relativ e cuto�.

No w, consider the sequence �

1

, �

2

, : : : of terminal pro ducts pro duced b y the algorithm

(b efore the extraction of minimal cutsets). It is easy to v erify ad absur do that if � is a

minimal cutset, then there is a i suc h that � is the p ositiv e part of �

i

. This strong prop ert y

is used to discard under pro cess pro ducts as so on as their con tribution go es b elo w the

threshold T . The prop ert y ensures that no minimal cutset (of con tribution greater than

T ) is discarded.

6



This is the reason wh y it is in teresting to pro duce minimal custets (with the pro cess

presen ted in the previous section) as so on as p ossible. The earlier minimal cutsets are

pro duced, the more e�ectiv e the truncation on the probabilit y is.

It is w orth noticing that, in case of hard computations, the relativ e cuto� T can b e

dynamically adjusted.

4.4 Data structures

Sev eral p oin ts remain to discuss in the algorithm describ ed so far.

� One needs t w o heuristics. The �rst one to select the next pro duct to pro cess in R .

The second one to select the gate v ariable to expand in the pro duct under pro cess.

This question will b e discussed section 5.2.

� One needs a data structure to enco de the set of equations. This structure has mainly

to mak e e�cien t the extraction of minimal cutsets.

� Finally , one needs a data structure to enco de the sets of pro ducts R and P .

The minimal cutsets extraction is based on the b ottom-up propagation of the assign-

men t of v alues to basic ev en ts. T o mak e this op eration e�cien t, one creates once for all,

for eac h v ariable v , the list of equations g = F suc h that v 2 v ar ( F ). Moreo v er, one main-

tains dynamically , for eac h equation g = F , three coun ters of the n um b ers of v ariables of

v ar ( F ) that ha v e resp ectiv ely the v alue 1, the v alue 0 and no v alue. In this w a y , v alues

are propagated b ottom-up only when needed.

It is actually in teresting to main tain the curren t v alue of v ariables (gates and ev en ts)

during the whole algorithm. Let � b e the pro duct under pro cess. It can b e the case that

the v alue of a gate v ariable g of � is determined just b y propagating the v alues of basic

ev en ts of � . If � ( g ) = 1, then g can b e remo v ed from the pro duct. If � ( g ) = 0, then

the pro duct con tains a con tradiction and can b e discarded. Another ev en more imp ortan t

reason to main tain the curren t assignmen t will b e giv en in section 5.3 with the notion of

shado w v ariables.

The data structure that enco des the sets of pro ducts R and P should b e as compact as

p ossible (for h uge n um b ers of pro ducts ha v e to b e manipulated). Moreo v er, insertion,

selection and remo v al of a pro duct should b e as e�cien t as p ossible. Minato's Zero-

Suppressed Binary Decision Diagrams [10] are a p oten tial candidate to do the job. W e

found that Binary Decision T rees are a b etter tradeo�. Let � b e a total order o v er E [ G .

A Binary Decision T ree is a binary tree suc h that:

� The lea v es of the tree enco de either the empt y pro duct or the empt y set of pro ducts.

� Eac h in ternal no de is lab elled with a v ariable v and has t w o outedges (lo w and high).

If the no des p oin ted b y lo w and high enco de resp ectiv ely the sets of pro ducts S

0

and

S

1

, then the no de enco des the follo wing set.

S

0

[ ff v g [ � ; � 2 S

1

g
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� If a no de is lab elled with a v ariable v , then either the no de p oin ted b y its lo w outedge

(resp. high outedge) is a leaf or it is lab elled with a v ariable w suc h that � ( v ) < � ( w ).

By sharing the pre�xes of pro ducts, this data structure sa v es a lot of memory . It is to

see that insertion, remo v al and selection of a pro duct are linear, in the w orst case, in the

n um b er of v ariables. It is w orth noticing that it is not necessary to test whether a minimal

cutset b elongs to the set b efore inserting it. Both op erations are p erformed at once.

5 F urther Impro v emen ts

5.1 Prepro cessing

As p oin ted out b y man y authors, some prepro cessing of the set of equations ma y increase b y

orders of magnitude the e�ciency of algorithms. The b o ok b y Ko v alenk o, Kuznetso v and

P egg [11] prop oses t w elv e transformations to simplify the form ulae. These transformations

are used b y the F AMOCUTN algorithm [12]. They are represen tativ e of what is suggested

in the literature. They can b e group ed in three categories.

� Mo dule detection. A mo dule is a subform ula that acts as a sup er-comp onen t, i.e. that

is indep endan t from the rest of the form ula. The notion of mo dule w as in tro duced

b y Birn baum and Esary in [13]. Mo dules already presen t in the form ula can b e

detected in linear time [14]. Ho w ev er, mo dules are often hidden and some rewritings

are necessary to extract them.

� Coalescing of gates of the same t yp e, e.g. F

1

+ ( F

2

+ F

3

) � ! F

1

+ F

2

+ F

3

. It is clearly

in teresting to p erform coalescing as m uc h as p ossible b ecause this transformation do es

once for all op erations that MOCUS will do an yw a y , p ossibly sev eral times.

� Other transformations based on Bo olean algebra la ws. F or instance, the follo wing

transformations ma y b e applied.

( F :G

1

) + ( F :G

2

) � ! F : ( G

1

+ G

2

) factoring

F :v � ! F [1 =v ] :v constan t propagation

These transformations aim to simplify the form ula, for instance b y detecting hidden

mo dules. In [15 ], Niemel• a has suggested also a promising rewriting tec hnique based

on propagation of v ariable v alues.

The danger with the latter category of prepro cessings is that they ma y b e costly . Their

application should therefore result of a tradeo� b et w een what they consume and what they

sa v e. In our implemen tation, w e limit prepro cessing to coalescing and mo dule detection.
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5.2 Heuristics

As already said, MOCUS requires t w o heuristics. The �rst one to select the next pro duct

to pro cess. The second one to select the gate to expand in the pro duct under pro cess.

Both heuristics ha v e the same goal: mak e terminal pro ducts (and therefore minimal

cutsets) app ear as so on as p ossible in order to increase the in
uence of the probabilistic

cuto�.

F or the second heuristic, Camarinop oulos and Yllera suggest in [16 ] to dev elop �rst the

gate with the greatest n um b er of basic ev en ts as argumen ts. This idea is uneasy to justify

with resp ect to the ab o v e rule. W e rather suggest to select the �rst and-gate, if an y . The

idea is that b y dev eloping and-gates �rst, w e increase the exp ectation of a probabilistic

cuto�. The order in whic h and-gates are expanded do es not really matter, since all of

them ha v e to b e expanded b efore an or-gate is dev elopp ed. If the pro duct con tains only

or-gates, the �rst one is dev elopp ed.

F or the �rst heuristic, w e select the �rst pro duct in the binary decision tree order.

Both heuristics dep end strongly on the order de�ned among v ariables. It is clear for

the �rst one, since this order determines the structure of the binary decision tree. It is

true also for the second one, b ecause under pro cess pro ducts are enco ded as sorted v ectors

of literals, according to the c hosen order (sorted pro ducts mak e easier op erations suc h

inclusion testing, elemen t searc hing, merging, : : : ).

The order among v ariables is determined b y means of a depth-�rst left-most tra v ersal

of the set of equations. Before applying this pro cedure, gate argumen ts are sorted in

increasing order of their w eigh ts. The w eigh t ! ( v ) of a v ariable v is as follo ws.

! ( v ) =

8

>

>

<

>

>

:

1 if v is an input v ariable

! ( w ) if v = w

P

k

i =1

! ( w

i

) if v =

P

k

i =1

w

i

�

k

i =1

! ( w

i

) if v = �

k

i =1

w

i

As w e shall see section 6.4, this heuristics is imp ortan t for the robustness of the whole

pro cess.

W e found exp erimen tally that this static w a y of selecting pro ducts to pro cess and

v ariables to dev elop is a b etter tradeo� than the v arious dynamic heuristics w e tried.

Ho w ev er, there is certainly still ro om for impro v emen ts in this part of our implemen tation.

5.3 Shado w V ariables

MOCUS-lik e algorithms ha v e b een designed to assess b oth fault trees and ev en t trees. An

ev en t tree sequence is assimilated with the conjunct of success and failure branc hes that

app ear along the sequence [17 ]. Consider for instance the small ev en t tree pictured Fig. 2.

This ev en t tree is made of an initiating ev en t I , t w o fault trees F

A

and F

B

that describ e

resp ectiv ely the failures of safet y systems A and B , and three consequences C

1

, C

2

and C

3

.

The sequence I � C

2

corresp onds to the scenario where A fails and B ac hiev es its mission.

It is therefore assimilated with the form ula I :F

A

: F

B

.
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initiating event mission A mission B consequences

I

C1

C2

C3
FA FB

Figure 2: An ev en t tree

It is in general the case that F

B

is a coheren t fault tree (i.e. F

B

con tains no negation).

Therefore, the only r^ ole of F

B

in the conjunct is to discard some of the minimal cutsets of

I :F

A

. This has b een already noticed b y sev eral authors (e.g. [3 ]).

Let g

notB

b e the gate v ariable that enco des F

B

in the mo del. W e call v ariables suc h

as g

notB

\shado w v ariables". Shado w v ariables are nev er expanded. They are ho w ev er

in v olv ed in v alue propagations. If, at a giv en step of the algorithm, the pro duct under

pro cess falsi�es one of its shado w v ariables then this pro duct con tains a con tradiction (as

if it w as con taining b oth a literal and its opp osite). It is therefore discarded. A pro duct

is no w considered as terminal if it con tains only basic ev en ts and shado w v ariables. The

latters are just ignored b y the minimal cutsets extraction.

This w a y of dealing with success branc hes is m uc h more e�cien t than those prop osed

already that consists in computing minimal cutsets of failure and success branc hes sepa-

rately and then to compare them. F or t w o reasons. First, shado w v ariables in tro duce a

new cuto�. Second, there is no more need to p ost-pro cess the cutsets.

Some of the fault trees of our b enc hmark are only almost coheren t, i.e. that they

con tain few negated v ariables. W e observ ed that, ev en in this case, it is alw a ys an accurate

appro ximation to shado w success branc hes.

It is w orth noticing that a signi�can t prop ortion of the sequences that will b e studied

in section 6 cannot b e handled without this notion of shado w v ariables, b ecause of the

com binatorial explosion of the n um b er of pro ducts to pro cess.

6 Exp erimen tal Results

6.1 1819 Ev en t T ree Sequences as a Benc hmark

As a b enc hmark, w e considered the 1819 ev en t tree sequences generated for a PSA study .

The table 1 giv es some statistics ab out these sequences. I denotes the n um b er of basic

ev en ts. G denotes the n um b er of gate v ariables. R denotes the n um b er of replicated

v ariables. A v ariable is replicated if it o ccurs more than once in the set of equations.

Finally , S denotes the n um b er of singular input v ariables. A v ariable is singular if there

is only one path to go es from the v ariable to the top ev en t. W e group ed the sequences

according to their n um b er of basic ev en ts: less than 100, b et w een 100 and 200, b et w een
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T able 1: Statistics ab out the 1819 sequences

I < 100 < 200 < 300 < 400 < 500 < 600 < 700

#sequences 408 42 274 100 42 344 92

mean G=I 1.45 1.59 1.70 1.33 1.30 1.34 1.38

mean R = ( I + G ) 0.01 0.01 0.14 0.14 0.14 0.15 0.18

mean S=I 0.65 0.51 0.42 0.57 0.61 0.58 0.40

I < 800 < 900 < 1000 < 1100 < 1200 < 1300

#sequences 113 236 12 116 32 8

mean G=I 1.54 1.64 1.69 1.85 1.80 1.91

mean R = ( I + G ) 0.17 0.17 0.22 0.20 0.20 0.22

mean S=I 0.35 0.38 0.26 0.27 0.28 0.18

T able 2: Running Times

threshold for #sequences assessed among the 1819 highest

the con tribution < 1 s < 5 s < 10 s < 30 s < 1 m < 10 m � 10 m running time

10

� 1

1772 38 8 1 0 0 0 10.24

10

� 2

1743 60 8 8 0 0 0 16.77

10

� 3

1688 88 20 21 2 0 0 31.28

10

� 4

1634 101 40 26 11 7 0 89.89

10

� 5

1576 111 40 56 12 24 0 248.77

10

� 6

1486 163 40 68 19 39 4 623.33

BDD 1705 60 18 13 11 12 0 304.22

200 and 300 and so on.

The table 1 sho ws that the sequences of the b enc hmark con tain a signi�can t prop ortion

of replicated v ariables. Moreo v er, the more sequences con tain basic ev en ts, the less the

prop ortion of singular v ariables is.

6.2 Running Times

The table 2 giv es the n um b er of sequences assessed whithin less than 1s, within more than

1s and less 5s, and so on for di�eren t v alues of the threshold on the con tribution. The

con tribution is (o v er-)estimated as describ ed section 4.3. The running times w ere measured

on a P en tium I I I cadenced at 733Mgz and running lin ux.

The table 2 sho ws that most of the sequences are assessed whithin less than 30s, ev en for

v ery lo w v alues of the threshold. F or comparison purp oses, the running times to compute

BDDs are giv en. The adv an tage seems to go to BDDs. Ho w ev er, it should b e said that a

highly sophisticated prepro cessing and man y ad-ho c tric ks w ere used to b e able to compute
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T able 3: MOCUS errors.

MOCUS optimistic MOCUS p essimistic

error : mean maxim um error : mean maxim um

con tribution #seq : relativ e absolute relativ e #seq : relativ e absolute relativ e

10

� 1

115 0 : 64 1 : 29 10

� 9

1 13 21 : 5 2 : 21 10

� 9

242

10

� 2

73 0 : 32 2 : 79 10

� 10

0 : 61 55 11 : 5 7 : 32 10

� 9

539

10

� 3

29 0 : 16 2 : 44 10

� 11

0 : 30 99 8 : 40 9 : 05 10

� 9

664

10

� 4

22 0 : 07 6 : 54 10

� 12

0 : 12 106 8 : 98 1 : 19 10

� 8

741

10

� 5

15 0 : 02 9 : 24 10

� 13

0 : 08 113 8 : 77 1 : 28 10

� 8

762

10

� 6

4 0 : 02 6 : 89 10

� 16

0 : 06 124 8 : 12 1 : 31 10

� 8

769

these BDDs (these tec hniques will b e presen ted in a forthcoming article). Moreo v er, the

giv en running times for BDD do not include the computation of minimal cutsets. F or the

largest sequences, w e are unable at the momen t to compute these minimal cutsets. In a

w ord, our implemen tation of MOCUS is a bit less e�cien t than our BDD implemen tation,

but it is more robust.

6.3 Accurracy of the Results

It is of in terest to compare the unreliabilities estimated b y MOCUS with the exact results

pro vided b y BDDs. The table 3 giv es the mean relativ e error as w ell as the maxim um

absolute and relativ e errors done b y MOCUS for the 128 hardest sequences (i.e. the

sequences for whic h MOCUS with the con tribution threshold set at 10

� 6

tak es more than

10s). The follo wing conclusions can b e dra wn from these results.

� MOCUS is rarely optimistic. The smaller the threshold on con tribution is, the less

optimistic is MOCUS. Moreo v er MOCUS, is only sligh tly optimistic.

� MOCUS is often p essimistic, and sometimes v ery p essimistic (up to a factor 1000).

Ho w ev er, this can b e corrected b y considering more terms in the Sylv ester-P oincar � e

dev elopmen t.

6.4 In
uence of F anin Ordering

Except in [16 ], the order in whic h top-do wn algorithms consider the pro ducts and the

v ariables inside the pro ducts is not discussed in literature. It has ho w ev er a great in
uence.

T o sho w this in
uence, w e consider 30 rewritings of the hardest sequence of our b enc hmark.

Eac h rewriting consists in p erm uting at random the argumen ts of gates. F or eac h rewriting,

w e call MOCUS with the with and without the prepro cessing discussed section 5.2. The

con tribution threshold is �xed at 10

� 4

.
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Figure 3: Running times with and without rearrangemen t of gate argumen ts.

The �gure 3 sho ws the running times (to mak e the �gure illustrativ e w e joined the

p oin ts with lines and w e dra w running times on a logarithmic scale). These t w o curv es

illustrate the in terest of the heuristic w e prop ose and sho w that it is robust and e�cien t.
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