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1. In tro duction

Automated resolution of man y practical problems requires to store v ery

large collections of ob jects. This is esp ecially the case for those expressed

in terms of Bo olean form ulae. T o solv e them one has to memorize and to

manipulate the truth tables of the form ulae under study (or equiv alen tly sum-

of-pro ducts forms for these form ulae), i.e. a priori at least a signi�can t part

of the 2

n

p ossible assignmen ts of Bo olean v alues to their n v ariables. Both

qualitativ e and quan titativ e analyses of fault trees raise this kind of problems

[VES 81 , LEE 85 , LIM 91 ].

If the studied Bo olean form ulae w ere generated at random, there w ould b e

no hop e to get a compact represen tation for them [SHA 49 ]. F ortunately , real-

life fault trees or com binatorial circuits are not, as far as w e kno w, generated

at random. It is th us p ossible to design data structures that capture, at least

to a certain exten t, their regularities. I.e. that enco de their truth tables within
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an amoun t of memory that is not directly related to the n um b er of v ariable

assignmen ts satisfying them.

Binary Decision Diagrams (BDD's for short) are suc h a data structure.

BDD's are the state-of-the-art data structure to enco de and manipulate

Bo olean functions. They ha v e b een in tro duced b y B. Ak ers [AKE 78 ] and

impro v ed b y R. Bry an t [BR Y 86 , BRA 90 ]. They are no w ada ys used in a wide

range of areas, including hardw are syn thesis and v eri�cation, proto col v alida-

tion and automated deduction (see [BR Y 92 ] for a surv ey on BDD's and their

applications). Their use in the reliabilit y analysis framew ork has b een initiated

b y J.-C. Madre and O. Coudert on the one hand [COU 92a , COU 92b ], and the

author on the other hand [RA U 93 ]. BDD's are sometimes called branc hing

programs in the theoretical computer science literature [WEG 88 ].

This pap er aims to b e a brief in tro duction to BDD's and some of their uses

for reliabilit y analyses. First, some de�nitions and v o cabulary ab out prop osi-

tional calculus are recalled section 2. The data structure and its basic prop erties

are presen ted section 3. Data structures ha v e no in trisic meaning. So, func-

tions m ust b e de�ned that asso ciates to eac h data structure its seman tics, i.e. a

mathematical ob ject. Di�eren t in teresting seman tics can b e de�ned for BDD's.

F our of them are presen ted section 4. BDD's are alw a ys built in a comp osi-

tional w a y , i.e. starting from basic BDD's and com bining them to obtain more

complex ones. The most imp ortan t functions to do so are sk etc hed section 5.

W orst case sizes of R OBDD's and heuristics to get small size R OBDD's are

discussed section 6. Section 7 sho ws ho w R OBDD's are used to compute the

probabilit y of the ro ot ev en t of a fault tree giv en the probabilities of its termi-

nal ev en ts and ho w to compute and to enco de the set of its prime implican ts

in a compact w a y .

2. Bac kground

This section recalls basic v o cabulary of Bo olean algebra and graph theory

w e need in this pap er. A more detailed presen tation could b e found in [SCH 89].

2.1 . Bo ole an A lgebr a

Bo ole an formulae are terms inductiv ely built o v er the t w o (Bo olean) con-

stan ts 0 (F alse) and 1 (T rue), a den umerable set of v ariables V , and the usual

logical connectiv es ^ (and), _ (or), : (not). F or instance, ( a ^ : b ) _ ( : a ^ c )

is a Bo olean form ula built o v er the v ariables a; b and c . Other connectiv es are

sometimes used. F or instance, � denotes the connectiv e `exclusiv e or'. Recall

that f � g is equiv alen t to ( f ^ : g ) _ ( : f ^ g ).

A liter al is either a v ariable x or its negation : x . x and : x are said opp osite .

A pr o duct is a set of literals that do es not con tain b oth a literal and its opp osite.

A pro duct is assimilated with the conjunction of its elemen ts. A set of pro ducts
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is assimilated with the disjunction of its elemen ts. Sets of pro ducts are also

called sum-of-pr o ducts or form ulae in disjunctive normal form (DNF).

W e denote b y V ar [ f ] the set of v ariables o ccurring in a Bo olean form ula f .

Let f b e a Bo olean form ula. An assignment of V ar [ f ] is an y mapping from

V ar [ f ] to f 0 ; 1 g . F or instance, [ a  1 ; b  0 ; c  1] is an assignmen t of

V ar [( a _ : b ) ^ ( : a _ c )]. An assignmen t � satis�es (resp. falsi�es ) a form ula

f if � ( f ) = 1 (resp. � ( f ) = 0). F or instance, [ a  1 ; b  0 ; c  1] satis�es

( a _ : b ) ^ ( : a _ c ), while [ a  1 ; b  1 ; c  1] falsi�es it.

Let f and g b e Bo olean form ulae. g implies lo gic al ly f if an y assignmen t

satisfying g satis�es f . W e denote that b y g j = f . If b oth f j = g and g j = f , f

and g are said equiv alen t. W e denote that b y f � g .

A pro duct can b e seen as a p artial assignment of the v ariables of a form ula:

the v alue 1 (resp. 0) is assigned to eac h v ariable o ccurring p ositiv ely (resp.

negativ ely) in the pro duct, while the other v ariables remain unassigned. W e

sa y that a pro duct � satis�es (resp. falsi�es ) a giv en Bo olean form ula f if f is

satis�ed (resp. falsi�ed) b y an y (total) assignmen t of V ar [ f ] that agrees with

� . F or instance, f a; : b g satis�es ( a _ : b ) ^ ( : a _ c ). The set of assignmen ts

satisfying a form ula can th us b e seen as a sum-of-pro ducts.

A pro duct � that satis�es a function f is also called an implic ant of f .

Let f b e a Bo olean form ula and � b e an implican t of f . � is said prime

if there is no implican t 
 of f strictly included in � . In what follo ws, w e

denote b y P r ime [ f ] the set of prime implican ts of a form ula f . F or instance,

P r ime [( a ^ : b ) _ ( : a ^ c )] = ff a; : b g ; f: a; c g ; f: b; c gg .

When they con tain no negativ e literal, prime implican ts are often called

minimal cuts in the reliabilit y analysis literature.

2.2 . Gr aphs

A gr aph is giv en b y a set of no des (also called vertic es ) U together with a

set of edges E � U � U (edges are th us pairs of no des). In what follo ws, w e

consider only dir e cte d graphs whic h means that pairs are ordered.

An edge ( u; v ) is an out-e dge for the no de u and an in-e dge for the no de v .

W e also sa y that the edge ( u; v ) p oin ts to the no de v . A no de without in-edge

is called a r o ot no de, while a no de without out-edge is called a sink no de. Sink

no des are also called le aves .

A p ath in the graph is a sequence of no des u

1

; : : : ; u

k

suc h that ( u

i

; u

i +1

) 2 E

for i = 1 ; : : : ; k � 1. The length of a path is the n um b er of edges it tra v erses. A

no de v is said to b e r e achable from a no de u if there exists a path from u to v .

A graph is said acyclic if for ev ery no de u , u is not reac hable from itself

through a p ositiv e length path. A tr e e is a uniquely ro oted directed acyclic

graph in whic h eac h no de but the ro ot has exactly one in-edge.

The sub gr aph ro oted b y the no de u of a graph G = ( U; E ) is the graph

G

0

= ( U

0

; E

0

), where U

0

is the subset of no des of U that are reac hable from u

and E

0

is the set of edges ( v ; w ) 2 E suc h that b oth v and w b elong to U

0

.
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Figure 1. A BDD over the variables a , b and c .

Throughout this pap er w e deal with lab ele d gr aphs , i.e. with graphs that

em bb ed data (lab els) on their v ertices and edges. Tw o edges with the same

source and target no des but di�eren t lab els are considered as distinct.

Three lab eled graphs are pictured Fig. 2. The leftmost one is a tree, the

t w o others are simply acyclic.

3. Data Structures

3.1 . R e duc e d Or der e d Binary De cision Diagr ams

Let x

1

; : : : ; x

n

b e n Bo olean v ariables. A binary de cision diagr am o v er

x

1

,. . . , x

n

is a directed acyclic graph � v erifying conditions (i) and (ii) .

(i) Sink no des of � ar e lab ele d either with 0 or with 1.

(ii) Each internal no de of � is lab ele d with a variable x

i

and has 2 out-e dges

lab ele d r esp e ctively with 0 and 1.

Let < b e a total order o v er x

1

; : : : ; x

n

(sa y x

1

< x

2

< : : : < x

n

). A binary

decision diagram � is said to b e or der e d if condition (iii) holds.

(iii) F or any p air of no des ( � , � ) lab ele d r esp e ctively with the variables x

i

and

x

j

, if � is r e achable fr om � then x

i

< x

j

.

As a consequence, in an ordered BDD (OBDD) with a single ro ot no de,

eac h v ariable is encoun tered at most once on to an y path from the ro ot no de

to a sink no de (moreo v er, v ariables are encoun tered according to the order < ).

The BDD pictured Fig. 1 is ordered (for the lexicographic order).

F or the sak e of con v enience, w e denote b y �( x; �

1

; �

0

) the BDD ro oted

b y a no de lab eled with the v ariable x and whose 1- and 0-out-edges p oin t

resp ectiv ely to BDD's �

1

and �

0

.

This de�nition of BDD's is purely syn tactical, whic h means that a BDD

is seen as data structure, just as data structure. In order to giv e a meaning

to this construction w e need a function that asso ciates a mathematical ob ject

with eac h BDD. The seman tics of a no de �( x; �

1

; �

0

) should dep end only on

the v ariable x and the seman tics of the no des �

1

and �

0

. It follo ws that t w o

isomorphic BDD's should ha v e the same seman tics. As a consequence, it is
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useless to main tain copies of isomorphic BDD's. One cop y su�ces, whic h is

in teresting to limit memory consumption.

An ordered binary decision diagram � is said r e duc e d if condition (iv) holds.

(iv) � c ontains no isomorphic sub-gr aphs.

In particular, it means that a reduced ordered binary decision diagram

(R OBDD) has only t w o sink no des, lab eled resp ectiv ely with 0 and 1.

Fig. 2 sho ws three equiv alen t OBDD's. The left most is a tree, while the

righ t most is reduced.

0 1 0 1

? ?

1 0

? ?

1 0

l

b

l

b

? ?

l

a

1 0

0 1

? ?

1 0

? ?

1 0

l

b

l

b

? ?

l

a

1 0

0 1

? ?

1 0

l

b

l

a

? ?

1 0

Figure 2. Thr e e e quivalent OBDD's.

Condition (iv) can b e seen as a rewriting rule that \folds" OBDD's to get

more compact equiv alen t ones. A completely unfolded OBDD is a binary tree.

The follo wing prop ert y holds.

Theorem 1 (Canonicit y of R OBDD's) F or any OBDD � , the R OBDD ob-

taine d fr om � by sharing isomorphic sub gr aphs is unique up to an isomorphism.

This theorem is v ery imp ortan t b ecause it allo ws to establish a one-to-one

corresp ondence b et w een R OBDD's and mathematical ob jects.

3.2 . Management of R OBDD's no des

As w e will see, R OBDD's are alw a ys created in a b ottom-up w a y , i.e. that

a no de � = �( x; �

1

; �

0

) is alw a ys created after the creation of the no des �

0

and �

1

. F urthermore, once created a no de is nev er mo di�ed.

No des are k ept in to a table and they are created only through a function

f ind or add node . This function tak es x , �

1

and �

0

as parameters. It lo oks

up the table and it creates actually a new no de only if necessary , i.e. if the

table do es not already con tain the no de �( x; �

1

; �

0

). T ec hnically , this table is

a hash table. This managemen t of no des has t w o imp ortan t consequences:

1. Reduction (iv) is automatically p erformed.

2. Pro vided the hash table is w ell dimensioned, the complexit y of the

f ind or add node is in O (1), i.e. constan t.

A more detailed discussion ab out implemen tation can b e found in [BRA 90].
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4. F our Seman tics for R OBDD's

4.1 . Standar d R OBDD's

Usually , R OBDD's are in terpreted as Bo olean form ulae under Shannon Nor-

mal F orm. This seman tics for R OBDD's is the standard one and usually it is

implicitely understo o d in [AKE 78 , BR Y 86 , BRA 90 , BR Y 92 ]. The Shannon

Normal F orm is based on the ite (for I f- T hen- E lse) connectiv e whic h is de�ned

as follo ws. Let f , g and h three Bo olean functions, then

ite ( f ; g ; h )

def

= ( f ^ g ) _ ( : f ^ h )

An y binary connectiv e can b e expressed b y means of an ite and p ossibly a

negation. F or instance, f _ g � ite ( f ; 1 ; g ) and f � g � ite ( f ; g ; : g ). Moreo v er,

ite is orthogonal with the usual connectiv es.

Let O p b e an n -ary op eration, let f

1

; : : : ; f

n

b e n form ulae and let x b e a

v ariable, O p is said ortho gonal with ite if the follo wing equiv alence holds.

O p ( f

1

; : : : ; f

n

) � ite ( x; O p ( f

1

x =1

; : : : ; f

n

x =1

) ; O p ( f

1

x =0

; : : : ; f

n

x =0

))

where f

x = v

denotes the form ula f in whic h the constan t v has b een substituted

for all o ccurrences of x .

Prop ert y 2 (Orthorgonalit y of usual connectiv es) Conne ctives : , _ , ^ ,

� ar e ortho gonal with ite .

A form ula is said to b e Shannon Normal F orm if either it is a constan t or

it is of the form ite ( x; f ; g ), where x is a v ariable and f and g are form ulae in

Shannon Normal F orm in whic h x do es not o ccur. It is clear that, thanks to

orthogonalit y , an y form ula can b e rewritten in to an equiv alen t one that is in

Shannon Normal F orm.

F or instance, ( a ^ : b ) _ ( : a ^ c ) is equiv alen t to ite ( a; ite ( b; 0 ; 1) ; ite ( c; 1 ; 0))

whic h is in Shannon Normal F orm.

The function S hannon [ [ : ] ] that asso ciates a form ula in Shannon Normal

F orm to eac h BDD is de�ned b y the follo wing recursiv e equations.

S hannon [ [0] ]

def

= 0

S hannon [ [1] ]

def

= 1

S hannon [ [�( x; �

1

; �

0

)] ]

def

= ite ( x; S hannon [ [ �

1

] ] ; S hannon [ [ �

0

] ])

F or instance, the seman tics of the OBDD pictured Fig. 1 is

ite ( a; ite ( b; 0 ; 1) ; ite ( c; 1 ; 0)) and the one of OBDD's pictured Fig. 2 is

ite ( a; ite ( b; 0 ; 1) ; ite ( b; 0 ; 1)).

This seman tics for R OBDD's induces another reduction rule. It is actually

easy to v erify that, for an y t w o Bo olean functions f and g , ite ( f ; g ; g ) � g . If

a no de enco des suc h an ite connectiv e, it is useless. F or instance, the R OBDD
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�( b; 0 ; 1) can used instead of OBDD's pictured Fig. 2. W e th us sligh tly c hange

the de�nition of R OBDD's.

An OBDD � enco ding a Bo olean form ula in Shannon Normal F orm is said

r e duc e d if conditions (iv) and (v) hold.

(v) � c ontains no no de of the form �( x; � ; � ) .

The follo wing theorem holds.

Theorem 3 (Canonicit y of Shannon R OBDD's) L et f b e a Bo ole an func-

tion that dep ends on variables x

1

, . . . , x

n

and let < b e a total or der over

these variables. Then ther e exists an unique (up to an isomorphism) R OBDD

enc o ding f w.r.t. < .

This theorem has man y in teresting consequences. Let f and g b e t w o

Bo olean form ulae enco ded resp ectiv ely b y R OBDD's � and � , then the fol-

lo wing prop ositions hold.

{ f is a tautology (resp. and an tilogy) if and only if � is the leaf 1 (resp. 0).

{ f is satis�able if and only if � is not the leaf 0.

{ f � g if and only if � and � are isomorphic.

This last p oin t is in teresting b ecause if w e manage R OBDD's in suc h w a y that

there is nev er t w o copies of isomorphic R OBDD's (as sho wn section 3.2 ) then

testing equiv alence b et w een t w o functions is reduced to testing equalit y of the

addresses of their R OBDD's.

4.2 . F unctional R OBDD's

The Reed-Muller Normal F orm is another in teresting normal form for

Bo olean form ulae [BR O 90 ]. It is based on the follo wing theorem.

Theorem 4 (Reed-Muller decomp osition) L et f b e a Bo ole an function

that dep ends on the variable x . Then ther e exists two Bo ole an functions g

and h that do not dep end on x such that f � ( x ^ g ) � h .

Theorem 4 induces a new p ossible seman tics R eedM ul l er [ [ : ] ] for R OBDD's.

R eedM ul l er [ [0] ]

def

= 0

R eedM ul l er [ [1] ]

def

= 1

R eedM ul l er [ [�( x; �

1

; �

0

)] ]

def

= ( x ^ R eedM ul l er [ [ �

1

] ]) � R eedM ul l er [ [ �

0

] ]

F or the same reasons as previously , R OBDD's pro vide a canonical enco d-

ing of Bo olean form ulae under Reed-Muller normal form. W e do not dev elop

further this seman tics b ecause it has no application to fault tree analyses (at

least at the momen t). It should b e men tioned that it has applications in the

logical circuit syn thesis framew ork [BEC 93 ].
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4.3 . Zer o-suppr esse d R OBDD's

In the reliabilit y analysis framew ork, it is often the case that one has to

manipulate subsets of a giv en set. F or instance, minimal cuts of a fault tree

are subsets of the set of its terminal ev en ts. Let E = f e

1

; : : : ; e

n

g b e a set. A

subset F of E can b e describ ed b y means of a Bo olean function � , so-called

c haracteristic function, whic h is de�ned o v er v ariables x

1

; : : : ; x

n

as follo ws.

� ( F )

def

=

^

e

i

2 F

x

i

In the same w a y , a set F = f F

1

; : : : ; F

m

g of subsets of E can b e describ ed as

the disjunction of c haracteristic functions of the F

i

's.

� ( F )

def

=

_

F

i

2F

� ( F

i

)

This giv es raise to a new seman tics for R OBDD's that has b een formalized

b y S. Minato under the name Zero-suppressed BDD's (ZBDD's) in [MIN 93 ,

MIN 94 ] (and implicitely used in [RA U 93 ]).

Z B D D [ [0] ]

def

= ;

Z B D D [ [1] ]

def

= f;g

Z B D D [ [�( x

i

; �

1

; �

0

)] ]

def

= ff e

i

g [ � ; � 2 Z B D D [ [ �

1

] ] g [ Z B D D [ [ �

0

] ]

F or instance, the OBDD pictured Fig. 1 enco des the sets f a g and f c g , and

OBDD's pictured Fig. 2 enco de the sets f a g and ; .

Reduction rule (v) do es not hold for ZBDD's. Ho w ev er, there is a

a new reduction rule, sp eci�c to ZBDD's, that is based on the equalit y:

Z B D D [ [�( x

i

; 0 ; �

0

)] ] = Z B D D [ [ �

0

] ]. F or instance, in ZBDD's of Fig. 1 and

2, no des �( b; 0 ; 1) are useless and can b e replaced b y leaf 1.

An ZBDD � is said r e duc e d if conditions (iv) and (vi) hold.

(vi) � c ontains no no de of the form �( x; 0 ; � ) .

The follo wing theorem holds.

Theorem 5 (Canonicit y of ZBDD's) L et F b e a set of subsets of a set E

let < b e a total or der over elements of E . Then, ther e exists an unique (up to

an isomorphism) ZBDD enc o ding � ( F ) w.r.t. < .

4.4 . R OBDD's to enc o de Meta-Pr o ducts

As sho wn ab o v e, ZBDD's can b e used to enco de minimal cuts sets of fault

trees in a quite simple w a y . Prime implican ts are more tedious to enco de

b ecause they ma y con tain b oth p ositiv e and negativ e literals. A w a y to tac kle
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this problem (suggested in [MIN 93 ]), is to create, for eac h v ariable x of the

original form ula, t w o v ariables, sa y x

+

and x

�

, that denote resp ectiv ely the

presence of the p ositiv e and the negativ e literal built o v er x in the considered

pro ducts. Another w a y to enco de prime implican ts b y means of R OBDD's

has b een prop osed b y J.-C. Madre and O. Coudert in [COU 92a ]. It w orks as

follo ws. Tw o v ariables, p

x

and s

x

, are asso ciated with eac h v ariable x of the

original form ula. p

x

is used to enco de the presence of the v ariable x in the

pro ducts. s

x

is used to enco de the p olarit y of x in the pro ducts, if it is actually

presen t.

The meta-pr o duct enco ding � , denoted b y M P ( � ), is the conjunction, o v er

the v ariables x o ccurring in the form ula, of mp ( � ; x ), where mp ( � ; x ) is de�ned

as follo ws.

mp ( � ; x )

def

=

8

<

:

( p

x

^ s

x

) if x 2 � ;

( p

x

^ : s

x

) if : x 2 � ;

: p

x

if neither x nor : x b elong to � :

A set of pro ducts is enco ded b y the disjunct of the corresp onding meta-

pro ducts. This giv es the follo wing equations that de�ne the seman tics of

R OBDD's enco ding meta-pro ducts.

M P [ [0] ]

def

= ;

M P [ [1] ]

def

= f;g

M P [ [�( p

x

; �

1

; �

0

)] ]

def

= M P [ [ �

1

] ] [ M P [ [ �

0

] ]

M P [ [�( s

x

; �

1

; �

0

)] ]

def

= ff x g [ � ; � 2 M P [ [ �

1

] ] g [ ff: x g [ � ; � 2 M P [ [ �

0

] ] g

Note that the canonicit y of the represen tation is ensured b y the canonicit y

of standard R OBDD's.

4.5 . A ttribute d Edges

Another sc heme of reduction rules consists in de�ning attributes (or 
ags)

for edges. Let f b e a Bo olean form ula in Shannon Normal F orm. The Bo olean

form ula in Shannon Normal F orm equiv alen t to : f is obtained from f b y

substituting 1's for 0's and vice-v ersa. F rom a R OBDD p oin t of view, this

op eration consists in exc hanging 0 and 1 lea v es.

A programming tric k (due to S. Minato & al [MIN 90 ]) mak es p ossible a

negation in constan t time and reduces memory consumption. It consists in

putting a 
ag on eac h edge. This 
ag indicates whether the p oin ted BDD

is to b e considered p ositiv ely or negativ ely . In other w ords, S hannon [ [ � � ] ] =

: S hannon [ [ � ] ]. As a consequence, only one leaf remains necessary , sa y for

instance the leaf 1, since 0 � : 1. The canonicit y of the represen tation is

main tained b y storing only no des with a p ositiv e 1-out-edge. The orthogonalit y
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1

?

? ?

?

l

b

l

c

? ?

l

a

?

v

1 0

1 0 1 0

v

v v

Figure 3. The BDD enc o ding : ite ( a; ite ( b; 1 ; : 1) ; : ite ( c; 1 ; : 1)) (ne gate d

e dges ar e denote d with black dots)

of ite and : is used to k eep only suc h no des: �( x; � �

1

; �

0

) is replaced b y

� �( x; �

1

; � �

0

) and �( x; � �

1

; � �

0

) is replaced b y � �( x; �

1

; �

0

). F or instance,

ite ( a; ite ( b; 0 ; 1) ; ite ( c; 1 ; 0)) is rewritten in to : ite ( a; ite ( b; 1 ; : 1) ; : ite ( c; 1 ; : 1))

whic h is enco ded b y the R OBDD pictured Fig. 3.

In [MIN 93 ], S. Minato suggest to apply this tec hnique to ZBDD's in the

follo wing w a y . A ZBDD is 
agged if and only if it enco des a set con taining

the empt y set. More complex attributes (or 
ags) ha v e prop osed in the litera-

ture that allo w further reductions [MIN 90 ], but it is not clear whether these

reductions impro v e the metho d in practice.

5. Op erations for R OBDD's com bination

R OBDD's are built in a comp ositional w a y , i.e. that basic R OBDD's are

com bined to get more complex ones whic h are in turn com bined and so on. In

this section, the main op erations to com bine R OBDD's are sk etc hed.

5.1 . Computation of the R OBDD enc o ding a Bo ole an formula

Let f b e a form ula. If f is a constan t, a v ariable x or of the form : g ,

the R OBDD enco ding f easy to obtain. It is the leaf ev en tually negated in

the �rst case, the R OBDD �( x; 1 ; � 1) in the second and the negation of the

R OBDD enco ding g in the third one (see section 4.5 ). Otherwise, w e can

assume without a loss of generalit y that f = g � h , where � is an y usual binary

connectiv e and g and h are t w o form ulae. In order to compute the R OBDD �

enco ding f , one pro ceeds as follo ws. First, one computes the R OBDD's � and


 enco ding resp ectiv ely g and h . Second, one com bines these t w o R OBDD's to

get � . Recursiv e rules for R OBDD's com bination are deduced from equations

giving their seman tics describ ed section 4.1 . Basically , three cases are p ossible:

c ase 1. � and 
 are suc h that � can b e immediately deduced. F or instance, if

� is ^ and � = 
 , then � is � ( g ^ g � g for an y g ). Other cases of immediate

deduction o ccur when either � or 
 (or b oth) are lea v es. F or instance, if � is

the leaf 1 and � is ^ , then � is 
 (1 ^ h � h for an y h ).
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c ase 2. � = �( x; �

1

; �

0

) and 
 = �( x; 


1

; 


0

). Let g

1

, g

0

, h

1

and h

0

b e

resp ectiv ely the form ulae that are the standard seman tics of resp ectiv ely �

1

,

�

0

, 


1

and 


0

. Then, the follo wing equiv alence holds.

ite ( x; g

1

; g

0

) � ite ( x; h

1

; h

0

) � ite ( x; g

1

� h

1

; g

0

� h

0

)

Th us, in order to compute � , one �rst com bines �

1

and 


1

with � to

get a R OBDD �

1

, then second one com bines �

0

and 


0

with � to get a

R OBDD �

0

, and third one builds � as �( x; �

1

; �

0

) b y means of the function

f ind or add node (excepted if �

1

= �

0

in whic h case � = �

1

).

c ase 3. The third p ossibilit y is a degenerated case of case 2: � = �( x; �

1

; �

0

)

and 
 = �( y ; 


1

; 


0

) with sa y x < y . In this case, the com bination rule is the

same as previously excepted that �

1

and �

0

are com bined with 
 itself.

The reference [BRA 90 ] con tains more details ab out these op erations.

5.2 . Zer o-suppr esse d BDD's

As for R OBDD's enco ding form ulae in Shannon Normal F orm, Zero-

suppressed BDD's are built from smaller ZBDD's that are com bined through

set op erations. The lea v es 0 ( : 1) and 1 enco de resp ectiv ely the sets ; and

f;g . Singletons f e

i

g are enco ded b y ZBDD's of the form �( x

i

; 1 ; � 1). Recur-

siv e rules that p erform set op erations on ZBDD's are deriv ed from equations

giving their seman tics and are v ery similar to those used to com bine standard

R OBDD's.

F or instance, let � = �( x

i

; �

1

; �

0

) and 
 = �( x

i

; 


1

; 


0

) b e t w o ZBDD's.

Let G and H b e the t w o sets enco ded b y resp. � and 
 and assume w e w an t

to compute a ZBDD � enco ding G \ H . W e ha v e:

G \ H = Z B D D [ [ � ] ] \ Z B D D [ [ 
 ] ]

= ( ff e

i

g [ � ; � 2 Z B D D [ [ �

1

] ] g [ Z B D D [ [ �

0

] ])

\ ( ff e

i

g [ � ; � 2 Z B D D [ [ 


1

] ] g [ Z B D D [ [ 


0

] ])

= ff e

i

g [ � ; � 2 Z B D D [ [ �

1

] ] \ Z B D D [ [ 


1

] ] g

[ ( Z B D D [ [ �

0

] ] \ Z B D D [ [ 


0

] ])

Th us, in order to get the ZBDD's � enco ding F , one �rst com bines �

1

and 


1

with \ to get a ZBDD �

1

, then second one com bines �

0

and 


0

with \ to get

a ZBDD �

0

, and third one builds � as �( x

i

; �

1

; �

0

) b y means of the function

f ind or add node (excepted if �

1

= 0 in whic h case � = �

0

).

Similar recursiv e rules are de�ned for all the classical op erations on sets

suc h as union, di�erence and complemen tation [MIN 93 ].

5.3 . Op er ations on R OBDD's enc o ding Meta-Pr o ducts

Op erations on sets of pro ducts can b e p erformed through logical op erations

on the corresp onding meta-pro ducts. This is the main adv an tage of this w a y

of enco ding pro ducts.
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Let �

1

and �

2

b e t w o sets of pro ducts built o v er the v ariables x

1

; : : : ; x

n

.

Let M P (�

1

) and M P (�

2

) b e the t w o corresp onding meta-pro ducts. Then,

{ The empt y set of pro ducts is enco ded b y the b o olean constan t 0.

{ The set of all of the p ossible pro ducts is enco ded b y the b o olean constan t 1.

{ The empt y pro duct is enco ded b y the function ( : p

x

1

^ : : : ^ : p

x

n

).

{ �

1

[ �

2

is enco ded b y the function M P (�

1

) _ M P (�

2

).

{ �

1

\ �

2

is enco ded b y the function M P (�

1

) ^ M P (�

2

).

{ The complemen t �

1

to �

1

in the set of all of the p ossible pro ducts is enco ded

b y the function : M P (�

1

).

5.4 . Memorization of Interme diate R esults

Canonicit y of R OBDD's is used to reduce the computational cost of basic

op erations in the follo wing w a y . A table is used in whic h results of already

p erformed op erations are stored. F or instance, this table con tains 4-tuples

f� ; � ; 
 ; � g , where � is a Bo olean op eration and � , � and 
 are R OBDD's

suc h that the com bination of � and 
 with � giv es � as result.

Before an y op eration, one �rst lo oks up the table to see whether its result is

not already computed. If it is not the case, the op eration is actually p erformed

and its result is added to the table. This second table is also managed as a

hash table whic h ensures a fast access to stored tuples (see [BRA 90 ] for more

details).

F rom a practical p oin t of view, memorization of in termediate results in-

creases dramatically the p erformances of op erations on R OBDD's. F rom a

theoretical p oin t of view, it ensures that the w orst case complexit y of the com-

bination of t w o R OBDD's � and � is in O ( j � j � j � j ), i.e. prop ortional to the

pro duct of the n um b ers of no des of � and � [BRA 90 ] (this holds b oth for

logical op erations b et w een R OBDD's and set op erations b et w een ZBDD's).

6. Complexit y Issues

The size of sum-of-pro ducts a represen tation of Bo olean function dep ends

on the n um b er of assignmen ts satisfying the represen ted function. This is the

reason wh y these represen tations are quic kly to o exp ensiv e. Man y functions en-

coun tered in practice admit not to o large R OBDD represen tations, ev en if they

ha v e a v ery large n um b er of implican ts. Ho w ev er, from a theoretical p oin t of

view, R OBDD's do not really impro v e the situation since most of Bo olean func-

tions cannot admit p olynomial size R OBDD represen tations [WEG 88 , LIA 92 ]

([LIA 92 ] is v ery in teresting b ecause it also studies the resp ectiv e p o w ers of re-

duction rules (iv) and (v) ). Moreo v er, except for the sp ecial class of symmetric

functions, the size of the R OBDD hea vily dep ends on the c hosen v ariable or-

dering. F or instance, R. Bry an t sho ws in [BR Y 86 ] that the R OBDD enco ding
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the function:

f ( x

1

; : : : ; x

n

; y

1

; : : : ; y

n

) = ( x

1

^ y

1

) 
 : : : 
 ( x

n

^ y

n

)

has a linear size for the ordering x

1

< y

1

< : : : < x

n

< y

n

and an exp onen tial

size for the ordering x

1

< : : : < x

n

< y

1

< : : : < y

n

. There exists natural

functions that are enco ded b y exp onen tial size BDD's whatev er the v ariable

ordering is (e.g. n bits m ultipliers [BR Y 91 ]).

Finding the b est v ariable ordering is a v ery di�cult problem. The b est

kno wn algorithms are in O (3

n

) [FRI 90 , ISH 91], where n is the n um b er of

v ariables, whic h mak es them impracticable.

Th us, heuristics are used to �nd go o d orderings. Man y suc h heuristics

ha v e b een prop osed in the literature (see [FUJ 88 , MAL 88 , BER 89 , CHO 90 ,

BUT 91 , FUJ 91 , FUJ 93 ] to cite some of them). There is, as far as w e kno w,

only one common sense rule to design suc h a heuristics: v ariables that are

seman tically close m ust b e close in the ordering as w ell. The ab o v e example

helps us to understand that rule. It is clear that v ariables x

i

and y

i

are strongly

link ed together. With the ordering x

1

< : : : < x

n

< y

1

< : : : < y

n

they are

separated b y n v ariables. Before taking a decision on the v alue of the sub-

form ula ( x

1

^ y

1

) one m ust examine all the p ossible v alues for the x

i

's. It follo ws

that the higher part of the BDD m ust b e a complete binary tree. Con v ersely ,

with the ordering x

1

< y

1

< : : : < x

n

< y

n

the sub-form ulae ( x

i

^ y

i

) are

treated one after another.

The cost of the computation of the R OBDD enco ding a function is not only

related to its size but also to the sizes of eac h R OBDD used during the com-

putation. This is exampli�ed b y the form ula f = g _ : g that is is enco ded b y

the leaf 1, ev en g is enco ded b y an exp onen tial size R OBDD. Moreo v er, the

w a y a function is written in
uences the complexit y of the computation (see

pap ers b y M. Bouissou [BOU 94] and [BOU 96 ] for in teresting discussions on

that sub ject). Note that, as noted b y sev eral authors, tec hniques used b y clas-

sical algorithms to simplify fault trees, suc h as mo dularization, can b e adapted

successfully for R OBDD's computations [SIN 96a , PUL 96, DUT 96a ].

7. Application to F ault T rees Analysis

7.1 . Quantitative A nalyses

A cen tral problem of quan titativ e fault tree analyses is to determine the

probabilit y of failure of the system under study kno wing the probabilities of fail-

ures of its elemen tary comp onen ts. This problem is kno wn to b e #P-complete

[V AL 79 ], i.e. as hard as �nding the n um b er of satisfying assignmen ts of a

Bo olean form ula. Once built the R OBDD asso ciated with a form ula, it is easy

to compute the exact probabilit y of the form ula, giv en the probabilit y of eac h

v ariable. This is p erformed b y means of a R OBDD tra v ersal, the Shannon's

decomp osition b eing applied on eac h no de of the R OBDD.
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Let p ( x ) denote the probabilit y of the v ariable x . The function p [ [ : ] ] that

asso ciates a probabilit y to eac h R OBDD can b e seen as a new seman tics for

R OBDD's. It is computed b y applying the follo wing recursiv e equations.

p [ [0] ]

def

= 0

p [ [1] ]

def

= 1

p [ [�( x; �

1

; �

0

)] ]

def

= p ( x ) :p [ [ �

1

] ] + (1 � p ( x )) :p [ [ �

0

] ]

If in termediate results are memorized, the complexit y of this computation

is linear in the size of the R OBDD. This is a ma jor adv an tage of R OBDD's.

Once computed the R OBDD, the cost of the computation of the probabilit y

is v ery c heap and can th us b e reiterated man y times, for instance in order to

sample its ev olution through the time.

R OBDD's can b e used to compute other quan tities of in terest in the relia-

bilit y analysis framew ork as sho wn in [SIN 95 , SIN 96a , SIN 96b , BON 96 ].

7.2 . Qualitative A nalyses

Qualitativ e analyses of fault trees (and some quan titativ e analyses as w ell)

require to compute prime implican ts of the corresp onding form ulae [LEE 85].

R OBDD based algorithms (prop osed in [COU 92a , COU 92b ] and [RA U 93 ])

to do so use the follo wing theorem as an inductiv e principle.

Theorem 6 (Decomp osition Theorem) L et f ( x

1

; : : : ; x

n

) b e a Bo ole an

function. Then, the set of prime implic ants of f ( x

1

; : : : ; x

n

) is the union of

the thr e e fol lowing sets.

{ The set P r ime [ f (1 ; : : : ; x

n

) ^ f (0 ; : : : ; x

n

)] .

{ The set of pr o ducts f x

1

g [ � wher e � is a pr o duct in P r ime [ f (1 ; : : : ; x

n

)]

that do esn 't b elong to P r ime [ f (1 ; : : : ; x

n

) ^ f (0 ; : : : ; x

n

)] .

{ The set of pr o ducts f: x

1

g [ � wher e � is a pr o duct in P r ime [ f (0 ; : : : ; x

n

)]

that do esn 't b elong to P r ime [ f (1 ; : : : ; x

n

) ^ f (0 ; : : : ; x

n

)] .

In tuitiv ely , the ab o v e theorem is justi�ed as follo ws. A prime implican t

� of f ( x

1

; : : : ; x

n

) ma y con tain either x

1

or : x

1

or none of these t w o lit-

erals. In this latter case, � m ust still b e a prime implican t of f whatev er

constan t is substituted for x

1

. Th us, � is a prime implican t of f ( x

1

; : : : ; x

n

)

that do esn't con tain x

1

nor : x

1

if and only if it is a prime implican t of

8 x

1

f ( x

1

; : : : ; x

n

) = f (1 ; : : : ; x

n

) ^ f (0 ; : : : ; x

n

). No w, a pro duct f x

1

g [ � is

a prime implican t of f ( x

1

; : : : ; x

n

) if it is a prime implican t of f (1 ; : : : ; x

n

) and

� is not already a prime implican t of f ( x

1

; : : : ; x

n

), i.e. if � do esn't b elong to

P r ime ( f (1 ; : : : ; x

n

) ^ f (0 ; : : : ; x

n

)).

The decomp osition theorem giv es an inductiv e principle to compute prime

implican ts (no matter ho w prime these implican ts are stored, i.e. either b y

means of ZBDD's or b y means of R OBDD's enco ding meta-pro ducts). See the

cited articles for more details.
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8. P ersp ectiv es

Sev eral exp erimen ts on large real-life fault trees (realized with to ols suc h

as MET APRIME [COU 93 , COU 94 , MAD 94a ] or Aralia [ARA 94 , ARA 95 ])

ha v e demonstrated that R OBDD's outp erform b y orders of magnitude classical

tec hniques suc h as MOCUS [FUS 72 ]. T rees with sev eral h undred of gates and

(rep eated) terminal ev en ts can no w b e handled on p ersonal computers. Despite

of these �rst successes, it remains man y things to do.

T r e atment of very lar ge fault tr e es. Practitioners, kno wing that they ha v e

e�cien t to ols at their disp osal, are no w studying ph ysical systems at a more

detailed lev el. The trees they are w orking on are in general automatically

generated (b y to ols suc h as FIGAR O [BOU 91 ]) and sometimes so large (or

complex) that they cannot b e handled directly . Sev eral tec hniques can b e

explored to tac kle this complexit y .

{ The design of new and more p o w erful heuristics for v ariable ordering. First

exp erimen ts w e did in that direction are promising.

{ Mo dularization and rewriting of form ulae in suc h w a y that they b ecome easier

to handle. First w orks suc h as those presen ted in [BOU 96 , DUT 96a ] indicate

that great impro v emen ts can b e obtained in this w a y .

{ Application of R OBDD's tec hniques suc h as dynamic v ariable re-ordering

[ISH 91 ]. These tec hniques ha v e b een sho wn p o w erful in the circuit v eri�cation

framew ork. P erhaps they can b e used for fault tree analysis as w ell.

{ The design of appro ximated algorithms. A t least for what concerns the deter-

mination of minimal cuts, w e succeeded in this w a y in dealing with otherwise

un tractable trees [ARA 95 ].

Applic ations to other risk assessment te chniques. W orks b y J. Dugan & al.

sho w that R OBDD's can successfully applied to man y risk assessmen t problems,

suc h as fault co v erage [DO Y 96 ] and analysis of dynamic fault trees [PUL 96].

In particular, one of their in teresting applications is the reliabilit y net w orks

analysis for whic h �rst promising results ha v e b een obtained b y Madre & al.

[MAD 94b ] (and impro v ed in [DUT 96b ]).
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